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a b s t r a c t

The nonlinear process of eddy shedding is studied in the context of the Gulf of Mexico. We show that
model runs which do not include eddy detachment can reproduce such an event with the assimilation
of suitable data obtained from a control run with eddy detachment. This works surprisingly well and
with small amounts of data provided the data originates from instruments that are carried by the flow,
i.e. Lagrangian. This is compared with analogous assimilation of data from fixed stations which capture
the eddy poorly. The remarkable efficacy of Lagrangian data assimilation in this context is explained by
considering the structure of the correlation functions and their associated regions of influence.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Data assimilation endeavors to improvemodel forecasts and estimates through the systematic incorporation of data. A natural question
arises as to how much data is needed, in a given situation, to get certain key features of the model correct. We address this issue in the
context of the Gulf of Mexico and in regard to the large eddies that are shed from the Loop Current. These eddies are dominant dynamic
features in the Gulf of Mexico. Through an identical twin experiment, we show that relatively small amounts of data can reproduce a
detaching eddy in a model run for which the initial data would produce no eddy without data intervention. We show that this works
well provided the data comes from instruments that track the eddy, in other words: Lagrangian data. We compare this with an analogous
amount of Eulerian data to show the efficacy of using moving instruments when tracking such coherent structures.

The Loop Current is the extension of the Caribbean Current that flows into the Gulf of Mexico (GoM) through the Yucatan Channel.
It penetrates the Gulf with varying strength, transporting about 30 Sv [1] and sheds large anticyclonic eddies that propagate westward
further into the GoM. It flows as a loop around Cuba and exits the GoM through the Straight of Florida to become the Florida Current,
which finally becomes the Gulf Stream at the latitude of Cape Hatteras. The large anticyclonic eddies (400–500 km in diameter) are shed
once or twice a year and transport heat westward into the western GoM at speeds of a few kilometers per day. They extend up to 800 m
of depth. The Loop Current and its associated warm core eddies are potential sources of energy for hurricanes that would happen to cross
over [2]. Eddy shedding is the one and only process that transfers water masses north or south of the Gulf Stream. Warm core eddies are
biologically unproductive and are only found north of the jet while cold core eddies are nutrient rich and only found south of the jet. The
proper modeling and prediction of these eddies is of utmost importance for fisheries but also ship routing.

The detachment of an eddy in such a flow field is a highly nonlinear event and one of the keys here is to use a data assimilation
method that reflects the nonlinearity of the flow field. As a framework, we use the Lagrangian data assimilation method developed by
Ide et al. [3] and Kuznetsov et al. [4] in conjunction with the Ensemble Kalman Filter [5–7]. In this formulation, the state vector includes
the trajectories of the Lagrangian instruments (drifters or isopycnal floats). We implement a three layer, reduced gravity model of the
Gulf of Mexico as it is among the simplest models which captures this critical behavior of eddy shedding. We compare the efficiency of
assimilating different types of observations, from the measurement of surface current at fixed stations to surface and isopycnal floats.
Our data assimilation experiments consist of: Eulerian data assimilation (EuDA) in which we assimilate velocities at fixed stations;
Lagrangian data assimilation of two-dimensional surface drifters (LaDA2d) and finally, the assimilation of three-dimensional isopycnal
floats (LaDA3d). We have assimilated three types of observations, namely, the measurement of velocities at fixed station, the horizontal
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Fig. 1. Resolution of the curvilinear grid. The color scale is in kilometers.

positions of surface drifters, and the three-dimensional positions of isopycnal floats.We show that as few as one judiciously deployed float
is sufficient to capture the upper part of an eddy shedding from the Loop Current. We also show that the assimilation of isopycnal floats
converges quickly to the control, while the assimilation of the velocities at a limited number of fixed stations estimates the eddy poorly.
The remarkable efficiency of the assimilation using Lagrangian data is explained by looking at the structure of the correlation functions
and their associated region of influence. The properties of the dynamically estimated correlation functions are used to investigate the
efficiency of assimilating the three types of observations used in this study.

We first describe the model and the assimilation method in Sections 2 and 3. The experimental set-up and the results are described in
Sections 3 and 4. Section 5 describes the structure of the dynamically estimated correlation functions. A discussion in Section 6 concludes
the paper.

2. Model description

Wehave implemented amulti-layer reduced gravitymodel of the Gulf ofMexico (GoM). Thismodeling set-up has been shown to be the
simplest representation of the GoM that simulates the shedding of eddies [8]. The model equations, extended with the drifter equations,
are:

du(j)

dt
+ k × f u(j)

=
1
ρ0

∇P (j)
+ Ah∇

2u(j) (1)

∂h(j)

∂t
+ ∇ · (u(j)h(j)) = 0 (2)

d
dt

xD(i)
= u(1)(xD(i)(t), t) i = 1, . . . ,ND (3)

where j = 1, . . . ,Nl represents the layer indexing, layer 1 is at the top and Nl at the bottom, u(j) is the vertically averaged velocity of
layer j, h(j) is the thickness of layer j, xD(i) represents the horizontal position of the drifter i, ND is the number of drifters, k is the basis
vector representing the vertical direction, Ah = 400 m2 s−1 is a diffusion coefficient, ρ0 = 1026 kg m−3 is the average density and
g ′

= 0.29 × 10−3 m s−2 is the reduced gravity.
In this study, we use a three-layer model (Nl = 3), the Montgomery potential P (j) of layer j in (1) is then given by

P (1)
= ρ0g ′(3h(1)

+ 2h(2)
+ h(3)) (4)

P (2)
= ρ0g ′(2h(1)

+ 2h(2)
+ h(3)) (5)

P (3)
= ρ0g ′(h(1)

+ h(2)
+ h(3)) (6)

where we have assumed that the difference in density between two consecutive layer is 3 kg m−3.
The model uses a structured curvilinear grid in the horizontal, created by the use of elliptic grid generation techniques [9,10]. The

variable horizontal resolution has a minimum of about 5 km in the region of the Loop Current. This configuration allows us to reduce the
number of degrees of freedom to a minimum without sacrificing grid points to land-masking. The time step is set to 300 s, which gives
a velocity based CFL number of 0.12 [11] at the location of the smallest grid size. This small number is required to avoid the instabilities
introduced by the noisy Jacobian of the curvilinear grid [10]. The boundary of the grid, illustrated in Fig. 1, follows the coastline. The Eqs.
(1) and (2) are discretized using second order finite differences [12], and numerical noise is filtered using a fourth order Laplacian operator
as in [13].

The circulation in the GoM is forced by a steady inflow–outflow transport. We impose a cosine shaped current at the Yucatan Channel
and the Strait of Florida with widths of 160 km and 150 km respectively and a total transport of 30 Sv as indicated in [14]. In order to
conserve the total mass in the Gulf, the inflow transport matches the outflow transport. As in [8], the current is confined to the upper two
layers with the top layer carrying two-thirds of the total volume transport.
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3. Assimilation of drifter trajectories

We follow the Lagrangian data assimilation (LaDA)method developed by Ide et al. [3] for the assimilation of the drifter trajectories. The
methodwas originally developed based on the extended Kalman filter and has been applied to ocean data assimilation using the ensemble
Kalman filter [15,16]. For consistency, the notation closely follows a standard proposed by Ide et al. [17].

The model state is augmented with the zonal and meridional locations of the drifters. We write the augmented state vector as:

xT = [xTF xTD] (7)

where xD is in RL and contains the two-dimensional coordinates of the drifter location x(i)
D . L = 2ND is the total number of observations.

The vector xF is in RN and contains the prognostic variables u(j), v(j) and h(j) at each of the grid points.
The semi-discrete (discrete in space, continuous in time) form of the augmented model equations are:

dx
dt

=
d
dt


xF
xD


=


mF (xF , t)

mD(xD, xF , t)


= m(x, t) (8)

where mF ∈ RN is the nonlinear operator corresponding to the discretized version of the layered model (1) and (2) while mD ∈ RL is
the operator corresponding to the drifter equation (3). We have hidden the complexity of the observing system in the augmented model
equation. If we were to use the variational method, the complexity would have been shifted to the model equation and the adjoint models
of the nonlinear operatorsmF andmD would have needed to be implemented. In contrast, the ensemble filtering approach does not require
such a derivation.

The observation y ∈ RL is related to x by,

y = Hx (9)

where H is the observation operator. For the assimilation of only Lagrangian data, H is simply

H = [ 0 I ] (10)

where 0 is in RL×N , I is in RL×L. The actual observation yo is often assumed to have additive Gaussian noise,

yo = Hxt + ϵ (11)

where xt is the unknown true state of the ocean and ϵ is a random noise with covariance R.
Most of the sequential data assimilation methods regress the difference between the analysis and the forecast onto a basis of the data

space. The elements of the basis are constructed from the projection of a proxy of the model error covariance onto the data space. The best
linear unbiased estimate is written as:

xaj − xfj =

L−
i=1

β
(i)
j r(i) (12)

where xaj and xfj are analysis and forecast of the j-th ensemble member, for j = 1, . . . ,Ne, β
(i)
j ∈ R is the regression coefficient of the i-th

observation, for i = 1, . . . , L, and ri ∈ RN+L i = 1, . . . , L is a representer [18,6,19,20].
Each of the representer vectors ri correspond to the covariance between the model’s state xf and its projection onto the observation

space yf = Hxf . The representers ri are constructed using an ensemble based method. Following Evensen [7], we construct the model
error covariance matrix Pf at time t from an ensemble of model forecasts. Since the true state is unknown, Pf is computed around the
mean of the ensemble xf . We write:

Pf
≈ Pf

e =
1

Ne − 1

Ne−
j=1

(xfj − xf )(xfj − xf )T (13)

where Ne is the size of the ensemble. The i-th column of the matrix Pf
eHT corresponds to the representer vector ri,

Pf
eH

T
=

1
Ne − 1

Ne−
j=1

(xfj − xf )(yfj − yf )T (14)

where yf is the mean of yfj .
For LaDA, following Salman et al. [15,16], we decompose the error covariance matrix into:

Pf
e =


Pf
FF Pf

FD

Pf
DF Pf

DD


(15)

and thus, the projection of Pf
e onto the data space is:

Pf
eH

T
=


Pf
FD

Pf
DD


. (16)

The regression coefficients βj = [β
(1)
j , . . . , βL

j ]
T in (12) are determined by,

βj = (Pf
DD + R)−1dj (17)
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Fig. 2. The SSH field in meters. From left most column to right most column: Analysis from LaDA3d, analysis from LaDA2d, analysis from EuDA and control.

where j = 1, . . . ,Ne is the ensemble index and dj is the innovation vector for the ensemble j at time t . We write,

dj = yo − Hxfj + ϵ̃j (18)

where ϵ̃j is drawn from a Gaussian distribution with covariance R, to circumvent the problem of generating an analysis ensemble that has
a variance that is too low [21].

4. Experimental set-up

This section describes the experimental set-up using the perfect model scenario in which the control (truth) is generated by the
same model as the data assimilation system, and the synthetic observations are sampled from the control. We first describe the control
experiment of choice. The control experiment is also used to evaluate the results of the data assimilation. The details of the ensemble
initialization and localization are discussed at the end of the section.

4.1. Control experiment

The initial condition for the control is obtained by integrating the model from a resting state for 400 days. The control run of choice
is depicted in the rightmost column of Fig. 2 for 50 days, by the sea surface height (SSH) field. It shows the eddy shedding from the Loop
Current, followed by its westward propagation with an average phase speed of 15 km/day. Therefore, there are two aspects to this set-
up for the evaluation of the different data assimilation systems. One is the estimation of the eddy-shedding process and the other is the
estimation of the eddy-propagation process. This physical phenomenon is typical of the GoM and has been extensively studied (see, for
example, a recent study by Yin and Oey [22]).
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Fig. 3. Horizontal trajectories of the 4 synthetic drifters. The time span is 50 days.

4.2. Synthetic observations

We assimilate three types of observations sampled from the control over a period of 50 days. The first type is Eulerian (EuDA) and
corresponds to the observation of surface velocities at fixed stations. We use a realistic sampling rate set to one hour. In our setting, these
surface velocities are extracted from the control run’s top layer at the four station positions, where the linear observation operatorH in (9)
corresponds to the bi-cubic spatial interpolation. The observation are obtained by adding Gaussian noise to the true velocity of the control

yo(t) = [u(1)
t (x1, y1, t) v

(1)
t (x1, y1, t) · · · u(1)

t (x4, y4, t) v
(1)
t (x4, y4, t)]

T
+ ϵu (19)

where u(1)
t (xl, yl, t) and v

(1)
t (xl, yl, t) are the two-dimensional velocity at the l-th station and the standard deviation of the measurement

error ‖ϵu‖ is set to 10−2 m/s. We have assumed that measurement errors of the zonal and meridional velocities and the different stations
are uncorrelated. Using a set of Eulerian observations taken at the station positions in the real GoM, the EuDA resulted in poor performance
at reproducing the eddy-shedding process, and thus also the eddy-propagation process that should have followed. The set of station
positions used in this study is depicted in Fig. 2. This set can extract more information about the eddy-shedding process and results in
better performance than the real set of station positions.

We also assimilate two types of Lagrangian observations. The first type is the surface drifter that observes the horizontal (two-
dimensional) positions. We call this data assimilation system LaDA2d. For the purpose of eddy tracking, four drifters are deployed in the
eddy, initially in the control flow. The trajectories of four drifters orbiting around the eddy center are depicted in Fig. 3. These trajectories
are observed at the sampling rate of 12 h for 50 days. Although surface drifters can communicate their location more frequently, we use a
coarse sampling rate to demonstrate the robustness of the LaDA method. Like velocity observations, Lagrangian observations are subject
to error

yo(t) = xtD + ϵxy (20)

where the standard deviation of the measurement error ϵxy is set to 300 m. Similarly, as in the EuDA case, we assume that measurement
errors of the zonal and meridional positions and between drifters are uncorrelated.

The second type of Lagrangian data correspond to that coming from isopycnal floats. We assume that isopycnal floats move with the
flow at the bottom of the top layer and observe the horizontal and vertical (3D) position. This system is referred to as LaDA3d. In this case,
the linear observation operator H in (9) corresponds to not only the location of the isopycnal float as in the LaDA2d case, but also the top
layer thickness h(1)(xtD

(1)
, xtD

(2)
), . . . , h(1)(xtD

(7)
, xtD

(8)
) at the position of the float [23,24].

yo(t) = [ xtD h(1)(xtD
(1)

, xtD
(2)

) · · · h(1)(xtD
(7)

, xtD
(8)

) ]
T

+ [ ϵTxy ϵTz ]
T (21)

where the standard deviation of ϵz is set to 1 m.
We have assumed that the isopycnal floats communicate their positions (including depth) every 12 h. The error resulting from

the communication method (sound triangulation, or surfacing to broadcast the observations to a satellite) is included in the assumed
measurement and representation error. An example of the three-dimensional trajectory of an isopycnal drifter is depicted in Fig. 4. Since
the flow is vertically uniform within each layer, and the horizontal velocities are a few orders of magnitude larger than the vertical
velocities, the horizontal trajectories are the same than the ones depicted in Fig. 3. Carter [23] andMead and Bennett [24] also assimilated
the isopycnal float observations in a shallow water model. However they converted the positions into Eulerian velocities.
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Fig. 4. Three-dimensional trajectory of an isopycnal float. The initial position of this float corresponds to the initial position of drifter 1 from Fig. 3.

Fig. 5. Convergence of the correlation functions after 5 days of assimilation.

4.3. Ensemble initialization

In this idealized experiment, we only consider errors in the initial field, neglecting the dynamical and boundary errors. For each
members, the initial condition for the layer thicknesses is created by adding 900 Gaussian shaped perturbations to a prior estimate of
the initial condition corresponding to the GoM circulation with no eddy present. The decorrelation length scale is set to 50 km and the
magnitude of each of the Gaussian shaped perturbations is drawn from a uniform distribution on [−7 m 7 m] while the decorrelation
length scale is set to 50 km. The velocities are not perturbed.

The perturbations are the same for the three active layers. The initial ensemble for the surface drifter location is created by perturbing
the initial horizontal position of the drifters using a uniform distribution on [−200 m 200 m]. The initial ensemble for the horizontal
position of the isopycnal floats is perturbed the same way, the vertical position is perturbed using a uniform distribution in [−1 m 1 m].

4.4. Ensemble size, localization and filtering

The computation of the ensemble is parallelized on 128 cpu’s of the Topsail cluster at UNC. The parallelization method is similar to
the one described in [25]. We can run experiments ranging from 32 to 1280 members i.e., Ne = 32, 64, 96, 128, 160, 192, 224, 256, 288,
384, 512, 640 and 1280. This permits us to study the convergence of the representers: Pf

eHT . We define the error e(Ne) in the correlation
function as a function of the ensemble size Ne by,

e(Ne) = ‖Cf
FD(Ne) − Cf

FD(1280)‖ (22)
where ‖.‖ is the entrywise Frobenius norm of a matrix. The ijth element of the correlation matrix projected on the data space is defined
by

(Cf
FD)

ij
=

(Pf
FD)

ij
(Pf

FF )
ii


(Pf
DD)

jj
(23)

where xfD is the meridional and zonal position of a surface drifter,


(Pf
FF )

ii


(Pf

DD)
jj


is the standard deviation of the ith (jth) component

of the state vector (observation vector), calculated from the ensemble.
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Fig. 6. Ensemble spread. The top panel is the maximum standard deviation of the layer thickness for the three layers. The bottom panel is the maximum standard deviation
of the horizontal velocities.

Fig. 7. The RMS of the layer thickness between the truth and the analysis. The RMS is computed in a 250 km radius around the eddy for the first layer (top), the second layer
(middle), and the third layer (bottom).

Fig. 5 depicts the convergence of e(Ne) after 5 days of assimilation, with the localization radius set to infinity for the LaDA2d case. It
shows that a reasonable convergence is achieved for an ensemble size of 256 or more. This is by no mean a proof that the estimated
representers have converged to the true representers. Study of the representer field, far away from the location of the observations,
showed significant spurious correlation in the case of 1280 members. The results presented in the next section use an ensemble size
of 256 members.

In the next section, the far field spurious correlations are filtered out using a localization radius of 300 km. The localization method
follows [26], (23) becomes,

(Cf
FD)

ij
= S ◦

(Pf
FD)

ij
(Pf

FF )
ii


(Pf
DD)

jj
(24)
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Fig. 9. Trajectory of the eddy; LaDA2d (thin solid), LaDA3d (dashed), EuDA (dotted), and truth (thick solid).

where S ◦ B denotes the Schur product of a matrix S with a matrix B. The element Si,j is obtained from the correlation function ϱ applied
to the distance in R2, where

ϱ(r) = exp


−
r2

2r2o


(25)

where r0 is the localization radius and r is the distance from the observation.
The initial ensemble and the data assimilation steps introduce spurious temporal and spatial oscillations as well as sharp gradients that

are filtered in the following way:

⟨xaj (t)⟩ =
1
3
(⟨xaj (t − δ)⟩ + xaj (t) + x̂fj (t + δ)) (26)

where x̂fj (t + δ) is obtained by running the model forward in time over δ = 12 h with the unfiltered state xaj (t) as initial condition. The
filtered analysis ⟨xaj (t)⟩ becomes the initial condition for the ensemble forecast xfj (t + δ). The recursive filter described in (26) correspond
to a three point moving average, centered in time.

5. Results of LaDA

The three sequential methods (EuDA, LaDA2d and LaDA3d) are started with the same initial conditions (see the three left panels from
the top row of Fig. 2). The maximum sample standard deviation of the layer thicknesses and velocities calculated from the ensemble for
the case of LaDA2d is depicted in Fig. 6. It decreases rapidly to an asymptotic value after about 5 days, this is shown in the layer thicknesses
and in the velocities of the second and third layer. The spread of the velocity of the top layer does not seem to have a clear asymptotic
behavior over the span of the assimilation (50 days).

EuDA fails to recreate the eddy shedding and its propagation, but the two LaDA methods recreate the eddy after less than 10 days of
assimilation. Since we are mostly interested in the estimation of the eddy-shedding process and the eddy-propagation process, the RMS
errors from the three different cases are computed within a 250 km radius from the center of the eddy. The localized RMS errors between
the thickness of the three layers are depicted in Fig. 7. The error of LaDA3d (solid line of Fig. 7) converges faster than that of LaDA2d (dashed
line of Fig. 7). The two LaDA methods predict well the layer thicknesses and converge to the truth.
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Fig. 10. Parameters of the eddy; LaDA2d (thin solid), LaDA3d (dashed), LaDA3d with one isopycnal float (dotted) and truth (thick solid). Top panel: Estimated phase speed
between the analysed phase speed and true phase speed; Middle panel: L(t); Bottom panel: Parameter A(t).

Fig. 11. Correlation function corresponding to the observation of the zonal position of a drifter at 25 days. The black dot is the observed position of the drifter. The top panel
is the top layer, middle panel correspond to layer 2 and the bottom panel corresponds to layer 3. Contours of SSH are shown in the right-most upper panel.

In the following, we investigate the effectiveness of the three methods for the eddy-propagation process. In this work, the eddy center,
diameter and amplitude are determined by fitting a Gaussian shaped function to the computed top layer thickness field. This method is
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Fig. 12. Same as Fig. 11 but for the meridional position of a drifter at 25 h.

similar to that of Challenor et al. [27]. The reader is referred to [28], who tracked eddies by following the closed contour of theOkubo–Weiss
parameter.

The parameters representing the eddy are obtained by minimizing,

J(α, β, L, A, B, t) =

∫∫
Ω


A exp


−


x − α

L

2

−


y − β

L

2


+ B − h(1)(x, y, t)

2

dxdy (27)

every 12 h. Ω = {(x, y) ‖ (x − α)2 + (y − β)2 < L20} is a disc of radius L0 = 250 km centered at the location (α, β) of the center of the
eddy. The functional (27) is minimized for the case of the control run and the analysis steps of the three data assimilation methods. The
trajectory of the eddy is then interpreted as the center of the Gaussian shape, (α, β), and its radius and intensity are directly related to
the parameters L and A, respectively. To justify the use of such a simple function, Fig. 8 depicts a snapshot of the proximity between the
Gaussian shaped function and the eddy from the control run at 43 days. The surface is the Gaussian shape and the black dots represent
the true top layer thickness.

As depicted in Fig. 9, the two LaDA methods are predicting the eddy center fairly well, with the LaDA3d case predicting a better track.
The EuDA fails to estimate the correct position of the eddy. After the 50 days of integration, the two Lagrangian methods are similar in
performance: they both give estimates of the parameters A and L close to the truth (see Fig. 10). The same behavior is observed in the phase
speed (computed from the trajectory of the eddy). On the other hand, the LaDA3d converges faster (about 15 days) than the LaDA2d, this
is seen clearly in the time series of the parameter A and L, shown in Fig. 10.

A similar experiment, assimilating only one isopycnal float, also recovered the eddy statistics fairly well. The eddy trajectory is depicted
as the thin dotted line of Fig. 10. The propagation speed of the eddy is recovered with reasonable accuracy, because the float moves with
the eddy, but the amplitude and the radius are underestimated.

6. Structure of the correlation function

In this section, we investigate the spatial structure of the scaled representers or correlation function. They are defined as the estimate
of the correlations between the model’s state variables and the observations. A representer defines the influence that an observation will
have on the state after assimilation. The investigation of the geometrical structure and extent of influence of the representers are therefore
crucial for understanding the effect that the observations have on the analysis and guide us in refining the assimilation scheme.

The correlationmatrix, ofwhich the columns correspond to the discrete formof the correlation function, is defined as in (23) butwith xD
being one of the three types of observations: the surface velocity at fixed point for the EuDA, themeridional and zonal position of a surface
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Fig. 13. Volumes of influence, as defined in (28). The gray surfaces are the boundaries of the RI. From top to bottom, REuDA, RLaDA2d and RLaDA3d . The thick black dots
represents the horizontal position of the observing device. On the bottom panel, the position of the isopycnal float, has been projected onto the surface.

drifter for the LaDA2d or the three-dimensional position of the isopycnal float for the LaDA3d. In the case of LaDA2d, each odd (even)
column of the N × L matrix CFD represents the correlation between the state xfF of the ocean model and the observed meridional (zonal)
coordinate of the float’s discrete trajectory at the time of the observation. An example of the two correlation functions corresponding to
the observed meridional and zonal position of a drifter in the LaDA2d case, after 25 days of assimilation are shown in Figs. 11 and 12.
The colors represent the correlations between the state and the meridional or zonal position of the drifter. As expected, the maximum
correlation for both representers are localized around the position of the drifter and are larger in the top layer than in the bottom layers.
The correlation between h(1) and longitudinal position of the drifter, denoted as c f (h(1), x) in Fig. 11 shows an extremum just east of the
location of the observation.

In a manner similar to [23], we introduce the notion of region of influence (RI). For individual observing device, we define the RI

R
f
l = {(x, y, z)|c fmax > cref} (28)

where c fmax is themaximumof (Cf
FD)

ij at each grid point with i corresponding to themodel variables at the grid point and j corresponding to
the observation variables of the l-th observing device.We also define the total RI as the union ofRf

l of all the observing devices for LaDA2d,
LaDA3d and EuDA, respectively. We define the surface of influence ∂Rf as the boundary of Rf . Snapshots of ∂Rf for the three types of
observations after 25 days of assimilation are depicted in Fig. 13. They extend over the three active layers of the model, implying that
Lagrangian observations of the upper water columnwill have an effect on the lower part of the water column. This approach enables us to
quantify how far the dynamical information contained in the observation can reach, and compare the efficiency of assimilating different
type of observations. We defineV

f
EuDA as being the volume ofRf

EuDA,V
f
LaDA2d is the volume ofRf

LaDA2d, andV
f
LaDA3d is the volume ofRf

LaDA3d.
These volumes are computed using the mean layer thicknesses as the height of the cylinders and the area defined by the boundary of the
∂Rf . The probability density function of the volumes is obtained from the set of volume computed sequentially during 50 days for the
three types of data. The total size of each set is 396 and the bin size is set to 40. Although the shapes of these distributions are complex
Fig. 14, they reflect the idea that more observations result in larger volumes. Table 1 shows that the expected value of the volume of the
RI for each layers and for the three different type of observations. For all layers, we have,

E(V f
EuDA) < E(V f

LaDA2d) < E(V f
LaDA3d). (29)

The typical horizontal scales for these volumes ranges from 142 km for EuDA to 277 km for LaDA3d.
We define a measure of the amount of dynamical information gathered by the observing system in the following way:

θ (j)2
=

L−
i=1

‖c f (u(j)(x, y), x(i)
D )‖2

+ ‖c f (v(j)(x, y), x(i)
D )‖2

+ ‖c f (h(j)(x, y), x(i)
D )‖2 (30)
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Fig. 14. Probability distribution functions for the volumes: REuDA, RLaDA2d , RLaDA3d . The thin dashed line correspond to EuDA, the thick dashed line correspond to LaDA2d
and the thick line correspond to LaDA3d.

Table 1
Expected value of the volume of influence for each layer in 1013 m3 .

E(VEuDA) E(VLaDA2D) E(VLaDA3D)

Layer 1 0.67 1.03 1.14
Layer 2 1.63 2.96 3.48
Layer 3 7.2 12.87 21.53

for (x, y) ∈ Ω , where θ (j) is the norm of the correlation function between the observing system and the model’s variables in layer j. The
norm ‖.‖ is defined as,

‖f ‖2
=

1
πL20

∫∫
Ω

f 2dxdy (31)

where f is a function in the plane. A large value for θ is well correlated with a fast convergence to the truth and a small RMS error for
the two top layers, this can be observed by comparing the two top panels of Figs. 15 and 7. This is however not true for the bottom layer
where θ

(3)
LaDA2d < θ

(3)
LaDA3d but LaDA3d is not performing significantly better than LaDA2d (see the bottom panel of Fig. 15). For LaDA3d, the

contribution to the amount of dynamical information available from observing h(1) is shown as the difference between the thin and thick
solid lines in Fig. 15. The thin line denoted as LaDA3d no h(1) in Fig. 15 was computed by setting the correlation between the state and the
observation of the depth, h(1), to zero. The contribution is significant at all times, but is only beneficial at reducing the RMS at the beginning
of the assimilation and only for the top two layers. The relative error in total kinetic energy between the analysis and the truth for layer j
is defined as:

E (j)
=


Ω
(u(j)2

+ v(j)2)dxdy −


Ω
(u(j)

t
2
+ v

(j)
t

2
)dxdy

Ω
(u(j)

t
2
+ v

(j)
t

2
)dxdy

(32)

where (u(j), v(j)) are the velocities from EuDA, LaDA2d or LaDA3d. The slow convergence to the truth, observed in the bottom layer
RMS, is attributed to the two LaDA method introducing too much kinetic energy in the bottom layer (see Fig. 16) at the beginning of
the assimilation.
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Fig. 15. Norm of the correlation function for the three layers.

Fig. 16. Relative error in kinetic energy for the three layers.

7. Discussion

We have assimilated three types of observations, namely, the measurement of velocities at fixed station, the horizontal positions of
surface drifters, and the three-dimensional positions of isopycnal floats.We have shown that only the two LaDAmethodswhere capable of
reproducing the eddy-shedding process and that even only one carefully placed isopycnal float can lead to a reasonable estimation of the
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eddy-shedding process. A poorly chosen launching position would result in the drifter sampling a region that contains little information
about the eddy. This is exactly what happens in the case of the fixed station where information about the eddy is sampled for a very
brief period of time. The remarkable efficiency of LaDA was investigated by looking at the structure and properties of the correlation
functions. Lagrangian regions of influence (RI) were defined and compared to the corresponding regions arising from assimilating Eulerian
observations. The two Lagrangian RI’s were found to be significantly larger than the Eulerian one, with the RI for LaDA3d being the largest
of the three. The efficiency of the assimilation method is related to these RI and the corresponding norm of the correlation function. The
analysis of the correlation function did not explain the similar performance of the LaDA2d and LaDA3d for the bottom layer, where the RI
for LaDA3d is larger than the RI for LaDA2d but the RMS of both methods are similar.

As opposed to the RI arising from Eulerian observation at fixed stations, the RI of Lagrangian observation can bemaximized by choosing
a set of trajectories that will track the information of interest. In the case of this study, following the eddy. A method describing the choice
of trajectories while only knowing an a priori flow field is proposed in [15,16]. The method is based on the analysis of the Lagrangian
coherent structure of the flow and is a first step toward addressing the problem of launching position.

It is of course more challenging in the case of a realistic assimilation system. One would be assimilating noisy drifter positions sampled
from an ocean that significantly differ from amodeled ocean that not only has simplified physics but also contains biases. For example, an
observed trajectory would have information about small scales turbulent flow that the model cannot resolve, or a loop current that the
model constantly predicts to be further north or south than the observed current. Although these problems were not addressed in this
paper, fromwhat we have learned from this work, we believe that our method would also work in the case of real observation and a more
complex ocean model.
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