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ABSTRACT

The time-dependent wind-driven ocean circulation is investigated for both a rectangular and a North Atlantic–
shaped basin. Multiple steady states in a 2½-layer shallow-water model and their dependence on various pa-
rameters and other model properties were studied in Part I for the rectangular basin. As the wind stress on the
rectangular basin is increased, each steady-state branch is destabilized by a Hopf bifurcation. The periodic solutions
that arise off the subpolar branch have a robust subannual periodicity of 4–5 months. For the subtropical branch, the
period varies between sub- and interannual, depending on the inverse Froude number F2 defined with respect to the
lower active layer’s thickness H2. As F2 is lowered, the perturbed-symmetric branch is destabilized baroclinically,
before the perturbed pitchfork bifurcation examined in detail in Part I occurs. Transition to aperiodic behavior arises
at first by a homoclinic explosion off the isolated branch that exists only for sufficiently high wind stress.
Subsequent global and local bifurcations all involve the subpolar branch, which alone exists in the limit of
vanishing wind stress. Purely subpolar solutions vary on an interannual scale, whereas combined subpolar and
subtropical solutions exhibit complex transitions affected by a second, subpolar homoclinic orbit. In the latter
case, the timescale of the variability is interdecadal. The role of the global bifurcations in the interdecadal
variability is investigated. Numerical simulations were carried out for the North Atlantic with earth topography-
5 minute (ETOPO-5) coastline geometry in the presence of realistic, as well as idealized, wind stress forcing.
The simulations exhibit a realistic Gulf Stream at 20-km resolution and with realistic wind stress. The variability
at 12-km resolution exhibits spectral peaks at 6 months, 16 months, and 6–7 years. The subannual mode is
strongest in the subtropical gyre; the interannual modes are both strongest in the subpolar gyre.

1. Introduction

Part I of this study (Simonnet et al. 2003) was devoted
to an investigation of our 2½-layer shallow-water (SW)

* Institute of Geophysics and Planetary Physics Publication Num-
ber 5744.

1 Current affiliation: Institut Non-Linéaire de Nice, Valbonne, France.
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model’s steady-state solutions. We studied therein the
branching structure of these solutions when several pa-
rameters were varied. These included the wind stress
intensity s, the inverse Froude number F2 of the lower
active layer, and the interface Rayleigh viscosity coef-
ficient m1. The model’s multiple steady states, two stable
and one unstable, arise from a perturbed pitchfork bi-
furcation that is robust with respect to changes in spatial
resolution and the degree of north–south asymmetry in
the time-constant wind stress. The basic bifurcation di-
agram appears in Fig. 2 of Part I, where the definition
of the three branches—subpolar, perturbed symmetric,
and subtropical—is also given.

Multiple steady flows, however, are only the first step
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on the successive-bifurcation road to explaining the ob-
served irregularities (Ruelle and Takens 1971; Eckmann
1981) of planetary, rotating flows (Ghil and Childress
1987). We now focus in Part II (the present paper) on
the dynamics that leads to time-dependent solutions and
the occurrence of low-frequency variability. The further
steps taken on this road for the present model are
through Hopf bifurcations, as well as global bifurca-
tions.

Homoclinic and heteroclinic bifurcations do not
arise—like saddle-node, pitchfork, or Hopf bifurca-
tion—through the nonlinear saturation of a steady-state
solution’s linear instabilities. Instead, they are due to
behavior that is global, rather than local, in a system’s
phase space; to wit, the stable and unstable manifolds
of one (homoclinic reconnection) or more (heteroclinic
connections) steady solutions become connected. The
role of such global bifurcations in transition to irregular
behavior for a rotating, stratified flow was first pointed
out by Lorenz (1963). More recently, they also played
an important role in generating low-frequency vari-
ability in simpler models of the wind-driven double-
gyre circulation (Meacham 2000; Chang et al. 2001;
Nadiga and Luce 2001).

Section 2 is devoted to the study of the Hopf bifur-
cations that lead to limit cycles in the rectangular-basin
version of the model. In section 3, we describe the tran-
sitions to aperiodic behavior, as well as the phenome-
nology of low-frequency variability. This variability is
examined for a geometry and wind stress that approx-
imate fairly closely the North Atlantic basin in section
4, where it is also compared with observations. Con-
cluding remarks follow in section 5. Preliminary results
of this investigation were reported by Simonnet (1998)
and Simonnet et al. (1998).

2. Oscillatory instabilities and limit cycles

The stability transfer from stationary to periodic so-
lutions occurs here through supercritical Hopf bifur-
cation, as found already in simpler double-gyre models
by Jiang et al. (1995), Speich et al. (1995), and Dijkstra
and Katsman (1997), among others. That is, stable pe-
riodic solutions of gradually increasing amplitude are
found as a parameter varies continuously; that is, the
amplitude of the stable limit cycle starts out equal to
zero at the bifurcation point itself and increases mono-
tonically up to a finite value.

A detailed study of the linear stability problem about
the subpolar branch of solutions in Fig. 2 of Part I yields
the diagram in Fig. 1 here. To obtain it, we computed
the leading modes of the problem at different values of
s on either side of the Hopf bifurcation. The bifurcation
point is defined by the value of s for which a pair of
complex eigenvalues crosses the imaginary axis. Other
parameter values are equal to those given in Table 1,
unless otherwise stated.

The first Hopf bifurcation for the subpolar branch of

solutions occurs at [ 5 2.717 3 1023, where(pol) (pol)s sHB 1

the first mode, labeled 1 in the figure, crosses the imag-
inary axis. The value v0 5 0.4909 of the imaginary
part at which this happens gives a period for the small-
amplitude perturbation at nearby s values of 5(pol)T1

2p/v0 5 148 days. This theoretical period coincides
with the actual period of solutions computed for this
branch by forward integration of the model equations,
Eqs. (4) in Part I, as long as we are close enough to the
Hopf bifurcation (not shown).

A striking property of the destabilization process is
the occurrence of a very small number of unstable
modes: we obtained only four unstable modes, even for
fairly large values of s. The first two modes (1 and 2)
evolve slowly and regularly with s and appear well
before the Hopf bifurcation. The second mode becomes
unstable at 5 2.905 3 1023. The following two(pol)s 2

modes (3 and 4) appear quite suddenly at 5 3.220(pol)s 3

3 1023 and 5 3.750 3 1023. They change much(pol)s 4

more rapidly as s changes than the first two modes.
We did not plot here the other eigenvalues; they

change very little as s increases and are not expected
to cross the imaginary axis, even for substantially larger
s values. The ordering of internal modes of variability
is not a robust feature in our model: the mode labeled
2 may cross the imaginary axis before mode 1, de-
pending on the parameter regime explored. However,
the presence of these modes is very robust and they play
an important role in the low-frequency dynamics of the
flow (see also Dijkstra and Molemaker 1999).

To investigate the oscillatory instability that leads to
periodic solutions, we compute the eigenvectors (wR,
wI) associated with the pair of complex conjugate ei-
genvalues that crosses the imaginary axis at (6iv0). The
time-periodic linear transition state is given by C(t) 5
cos(v0t)wR 2 sin(v0t)wI for 0 # t # T. For greater
dynamical insight, we plot the streamfunction anomaly
fields c1 5 F1 1 F2 and c2 5 gF1 1 F2 in theh9 h9 h9 h91 2 1 2

upper and lower layer, respectively. These fields, unlike
the thickness eigenvectors and , are in geostrophich9 h91 2

equilibrium [see Part I Eqs. (11) and (16)] and help us
detect phase shifts between the two layers.

The imaginary and real part of the streamfunction
eigenvectors is plotted below the panels that show the
evolution of the eigenvalues’ corresponding part. The
imaginary part wI corresponds to t 5 2T/4 and the real
part wR to t 5 0. These anomaly patterns appear in Fig.
1 for the first and second Hopf bifurcation off the sub-
polar branch, at and , respectively. We also(pol) (pol)s s1 2

computed, when Eqs. (4) of Part I are integrated forward
in time, the actual differences between the instantaneous
fields and the limit cycle’s mean state: the patterns so
obtained (not shown) are essentially the same as the
time-periodic linear transition states plotted in Fig. 1
here.

These periodic disturbances are predominantly bar-
otropic for both the subpolar (Fig. 1) and subtropical
(Fig. 2) branches. The first two modes to become un-
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FIG. 1. Eigenvalues and eigenmodes for the linear stability problem on the subpolar solution branch. The evolution of the eigenvalues as
a function of the wind stress intensity s, for 2.664 3 1023 # s # 4.120 3 1023, is shown in the two uppermost panels: imaginary part
(left) and real part (right). The first four unstable modes are labeled in the order in which their real parts become positive. The streamfunctions
c1 and c2 of the first two eigenmodes are shown in the two sets of four panels below (imaginary part to the left, i.e., at t 5 2T/4, and real
part to the right, i.e., at t 5 0).
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TABLE 1. Reference values of the model’s nondimensional param-
eters. See section 2a of Part I for a detailed definition of the param-
eters, s being the nondimensional intensity of the wind stress, e the
Rossby number, b the nondimensional version of the Coriolis param-
eter’s meridional gradient, E the Eckman number, m1 and m2 the
Rayleigh viscosity coefficients, and F1 and F2 the inverse Froude
numbers; subscripts 1 and 2 designate the model’s upper and lower
active layers.

Param-
eter s e b E m1 m2 F1 F2

Value 0.25 3 1022 0.02 20 0.6 3 1025 1023 1023 20 4.0

FIG. 2. As in Fig. 1 but for the subtropical branch and the streamfunction anomalies for mode 1.

stable off the subpolar branch (see Fig. 1, modes 1 and
2) correspond to Rossby basin modes (cf. Sheremet et
al. 1997; Chang et al. 2001) that propagate westward
and interact with the jet or the subpolar recirculation
cell. Mode 2 is, in fact, the same mode as the first
unstable subpolar mode found by Speich et al. (1995).
Its associated period, at , is 5 120 days.(pol) (pol)s T2 2

The first Hopf bifurcation off the subtropical branch
occurs at [ 5 2.821 3 1023, with a period(tro) (tro)s sHB 1

of 5 704 days (1.92 yr). The corresponding os-(tro)T1

cillatory instability (Fig. 2, mode 1) is a barotropic gyre

mode that propagates southwestward. This mode has an
elongated wave pattern distorted by the jet and by ad-
vection in the subtropical recirculation cell; its troughs
and ridges are roughly lined up along a northwest–
southeast direction (see also Jiang et al. 1995; Speich
et al. 1995; Dijkstra and Katsman 1997; Chang et al.
2001).

Simonnet and Dijkstra (2002) have shown that this
oscillatory mode originates from the merging of two
zero-frequency modes, as one follows the asymmetric
branch of solutions. These two modes are both nonos-
cillatory and they are responsible for the first pitchfork
bifurcation and saddle-node bifurcation which occur off
the symmetric branch in quasigeostrophic (QG) models.
This spectral merging of zero-frequency modes explains
the low-frequency behavior of the oscillatory gyre
mode, as well as its key presence throughout a hierarchy
of models of the double-gyre circulation. The physical
mechanism responsible for this pervasive gyre mode is
very similar to the one observed at the symmetry-break-
ing pitchfork bifurcation and involves a shear instability
that feeds on the asymmetry of the flow.

The spatial pattern of mode 3 in Fig. 1 (not shown)
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FIG. 3. Oscillatory instability off the subpolar branch for s 5 1.718 3 1023 and F2 5 1.670 77; all other parameter values as in Fig. 6
of Part I (with m1 ± 0, i.e., as in that figure’s lower panel). Total mean fields C1 and C2 are in the two upper panels and anomalies c1 and
c2 are below. The period is T 5 116 days.

appears to be the (perturbed) mirror symmetric image
of the subtropical gyre mode whose spatiotemporal pat-
tern is shown in Fig. 2. These modes are important
features of the double-gyre circulation since they are
quite model independent, vary on an interannual time-
scale, and are in general more energetic than Rossby
waves or mesoscale eddies.

Mode 2 in Fig. 2 (upper panel) crosses the imaginary
axis at 5 2.97 3 1023 with a short period of 83(tro)s 2

days; it does not influence the time-dependent solutions
noticeably and becomes stable again at s 5 3.11 3
1023. As s is increased further, global bifurcations occur
and start to affect the time-dependent behavior of model
solutions.

The barotropic nature of the instabilities in Figs. 1
and 2 appears to be parameter dependent. We obtained
a more pronounced baroclinic structure for the desta-
bilizing mode shown in Fig. 3. The solution correspond-
ing to this linearly unstable mode is represented by an
open circle in the lower-left corner of the lower panel
of Fig. 6 in Part I. The values of F2 and s here differ
from those in Figs. 2 and 3 (and in Table 1). This in-

stability occurs before the (perturbed) pitchfork bifur-
cation.

The mode shown in Fig. 3 exhibits a phase shift be-
tween the upper and lower layer of approximately T/4
that is characteristic of baroclinic instabilities. The dis-
turbances are centered on the cyclonic recirculation cell;
they rotate cyclonically and, in doing so, make the vor-
ticity in the recirculation zone vary. Dijkstra and Kats-
man (1997) found the same mode in their QG baroclinic
model to arise from their second Hopf bifurcation. It
only affects the strongest recirculation cell, which is the
subpolar one in the present study. In the perfectly sym-
metric QG model, the two recirculation cells oscillate
both in phase quadrature (see also Ghil et al. 2002b, for
the relative ordering of this baroclinic, oscillatory in-
stability, and the basically barotropic pitchfork bifur-
cation).

3. Low-frequency variability and aperiodic
attractors

As the wind stress strength s increases further, pe-
riodic solutions lose their stability and the model’s be-
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FIG. 4. Potential energy time series for three subtropical periodic
solutions: s 5 2.871 3 1023 (period T 5 2.88 yr: heavy solid line),
s 5 2.882 3 1023 (period 2T: dashed line), and s 5 2.947 3 1023

(period 4T: light solid line).

havior becomes irregular. In this regime, solutions ex-
hibit more and more complex features as the number of
vortices and their interactions with each other increases.
Still, these temporally irregular and spatially complex
solutions are expected to converge asymptotically to a
finite-dimensional strange attractor (Ruelle and Takens
1971; Constantin et al. 1989; Temam 1998).

In geophysical fluid dynamics problems such as this
one, the constraints imposed on the flow by rotation and
stratification help maintain the attractor’s number of di-
mensions rather low (Ghil and Childress 1987; Lions et
al. 1997). This expectation is strengthened by the small
number of unstable modes that arise well beyond the
first Hopf bifurcation (see Fig. 1 and discussion there).
Thus, a finite and not too large number of degrees of
freedom should describe the asymptotic behavior of so-
lutions that are already fairly chaotic in time and com-
plex in space; see also Berloff and Meacham (1997) for
the problem at hand.

For an intermediate range of s values, we find three
‘‘local’’ attractors: two stable ones around the subtrop-
ical and the subpolar branch of steady states and one
unstable one around the perturbed-symmetric branch
(see Fig. 2 in Part I). For even larger values of s, global
bifurcations alter this picture further, so it is difficult to
refer to local attractors: for instance, the dynamics near
the isolated branch, which includes both the perturbed-
symmetric and the subtropical branch, is governed by
a single, global attractor past a critical value of s. This
is the subject of section 3a.

The subpolar attractors are more robust for increasing
s, as shown in section 3b. The two families of attractors,
subpolar and subtropical–symmetric, eventually merge
into one global attractor with complex transitions be-
tween the neighborhoods of the various branches. These
phenomena are described in section 3c.

a. The isolated-branch attractors

The limit cycle near the first Hopf bifurcation on the
subtropical branch is characterized by interannual pe-
riods, while the subpolar-branch one has subannual pe-
riods. The periods of the fully nonlinear solutions thus
agree with the corresponding Hopf bifurcation periods
obtained in section 4b of Part I (see also section 2 here).
Speich et al. (1995) suggest that the difference in time-
scale between the periodic solutions off the two branch-
es is due to the different balances that prevail between
the linear, dispersive terms, the nonlinear, advective
ones, and the forcing terms in the case where the cy-
clonic versus the anticyclonic recirculation dominates.
To their considerations we may add that, for the param-
eter range under study, baroclinicity—present in our
model but not theirs—is not an important factor, at least
when one is sufficiently close to the first Hopf bifur-
cation (see Figs. 1 and 2 and their discussion in the
previous section).

To examine the behavior on the attractor for larger

values of the wind stress parameter s, we integrate for-
ward in time Eqs. (4) of Part I over one century or so,
and study the time series of kinetic and potential energy,
as well as the normalized transport difference TD, given
in Eqs. (8) and (25) of Part I, respectively. Two different
kinds of periodic solutions appear as we increase s. One
starts out close to the first Hopf bifurcation with a period
of T 5 1.92 yr. This period increases noticeably as s
varies from 5 2.821 3 1023 to s 5 2.871 3 1023,(tro)s1

where it becomes T 5 2.83 yr. The corresponding so-
lution is a gyre mode that is characterized by a relaxation
oscillation (Simonnet and Dijkstra 2002).

At s 5 2.882 3 1023, the primary period is doubled
to T 5 5.75 yr (see Fig. 4). The oscillation is now
characterized by two cycles with slightly different am-
plitudes. Such a transition is characteristic of a so-called
flip or period-doubling bifurcation, which occurs within
the interval [2.871 3 1023, 2.882 3 1023]. In such a
bifurcation, a Floquet exponent of the system linearized
about the primary limit cycle crosses the unit circle; this
corresponds geometrically to a fixed point of the second
iterate of the Poincaré map that is induced by the pri-
mary limit cycle (Guckenheimer and Holmes 1990).

Direct Floquet analysis for problems in atmospheric
(Strong et al. 1995) and coupled ocean–atmosphere (Jin
et al. 1996) models has been performed for a number
n of grid point or spectral variables O(102–103). To do
so for a problem of the present size, with n 5 O(104)
would be numerically very challenging. Our evidence
for a flip bifurcation is therefore only indirect at this
point. Further period-doubling bifurcations occur past
s 5 2.921 3 1023. One thus observes a limit cycle
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FIG. 5. Behavior of the time-dependent solutions that start near the subtropical branch for s 5 2.921 3 1023, s 5 3.100 3 1023, and s
5 3.122 3 1023. Time series of TD are shown in the left column and projections of the trajectory onto the (Ep, Ek) plane in the middle
column. Streamfunction patterns are shown in the figure’s right and bottom margins; they are referred by arrows to points on the trajectory,
among which S refers to the saddle point, i.e., to the unstable steady state on the perturbed-symmetric branch. The streamfunction plots for
S are computed at s 5 3.122 3 1023; the ones for the fixed point on the subtropical branch are at s 5 2.921 3 1023, while the instantaneous
snapshots of the trajectory for the subpolar attractor and near the saddle point (bottom) are also at s 5 3.122 3 1023.

with a period of 4T ù 10 yr for s 5 2.947 3 1023 (see
Fig. 4). The dynamics becomes chaotic soon after this
value (see also Lin et al. 1989; Legras and Ghil 1983).
This presumably infinite cascade of bifurcations occurs
before the second Hopf bifurcation detected by the lin-
ear stability analysis, at 5 2.97 3 1023. The pres-(tro)s 2

ence of this cascade prevents the linear modes that be-

come unstable at s $ from affecting substantially(tro)s 2

the aperiodic solutions.
As s increases, the time-dependent solutions become

more and more energetic and make frequent excursions
into the neighborhood of the unstable fixed point on the
perturbed-symmetric branch. Figure 5 describes this sit-
uation for increasing values of s. The transport differ-
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ence time series TD 5 TD(t) is shown in the left column
and projections on the (Ep, Ek) plane in the middle col-
umn.

The uppermost panels correspond to s 5 2.921 3
1023, that is, just after the first period-doubling bifur-
cation. The saddle point on the perturbed-symmetric
branch is referred to as S; its streamfunction pattern and
that of the fixed point on the subtropical branch are
shown in the right margin of the figure. The limit cycle
around the subtropical branch is elongated in the (Ep,
Ek) plane along a straight line that passes through the
subtropical fixed point and S. The solution does ap-
proach S in the full phase space, where it becomes ac-
tually more and more symmetric as it reaches its highest
energy level. This behavior becomes even more pro-
nounced as s increases further: in the second row of
panels, the solution is chaotic and almost touches the
saddle point S. The TD time series (left column) shows
how frequently this occurs: roughly every 15 years or
so, the normalized transport difference reaches values
between 20.2 and 20.3 at the same time as the solution
is most energetic. Such a coincidence of very low TD
and very high Ek and Ep occurs near t 5 10 yr and t 5
50 yr, but not for t 5 40 yr, for instance.

The third row of panels exhibits, for s 5 3.122 3
1023, a transition from the neighborhood of the sub-
tropical branch to that of the subpolar one, with the
solution’s trajectory eventually converging to a limit
cycle surrounding the subpolar branch; a snapshot of
the flow pattern along this limit cycle appears at the
bottom of the figure’s center column. The TD time series
at bottom left clearly indicates that, at this value of the
wind stress forcing, the solution may spend several years
in the vicinity of the unstable fixed point S (see the pair
of panels in the figure’s lower-left corner). The L2 dis-
tance between the saddle point on the perturbed-sym-
metric branch and the time-dependent solution is, in
fact, quite small in the full phase space when TD is
close to 20.2, hence the two flow patterns shown at the
bottom and in the right margin of Fig. 5 are very similar.

All these pieces of evidence strongly point to a global
bifurcation having occurred some where between s 5
3.100 3 1023 and s 5 3.122 3 1023. To consolidate
the case further, we compute the unstable manifold of
the saddle point for s 5 2.77 3 1023 and for s 5 3.11
3 1023. The unstable real mode that renders the sym-
metric-branch solutions unstable is multiplied by a small
quantity and either added to or substracted from the
steady state. Thus the two directions of the one-dimen-
sional unstable manifold are used as initial directions
that point away from the saddle; all the other directions
are stable. The flow pattern of the saddle point itself is
shown in Fig. 6 in the upper-left corner and that of the
unstable linear mode is just below it, in the left margin.
This unstable real mode has a flow pattern that is itself
symmetric with respect to the line of zero wind stress
curl and is responsible for the symmetry-breaking mech-
anism in the double-gyre circulation (Dijkstra and Kats-

man 1997; Ghil et al. 2002b; Simonnet and Dijkstra
2002). Depending on its sign, it gives the direction of
the unstable manifold off the perturbed-symmetric
branch toward the subpolar or subtropical branch.

As seen in the upper-central panel of Fig. 6, for s 5
2.77 3 1023, the solution converges either to the sub-
polar or the subtropical branch, depending on the sign
of the perturbation; the convergence occurs at slightly
different rates since the symmetry is perturbed in the
SW equations. The situation is quite different when one
conducts the same experiment for s 5 3.110 3 1023

(lower-central panel in the figure). In the latter case, the
solution meanders for a while around the subtropical
branch but is eventually attracted by the subpolar
branch, independently of the sign of the perturbation.
This confirms the result obtained for s 5 3.122 3 1023

at the bottom of Fig. 5.
Dynamical systems theory suggests that we are in the

presence of a so-called homoclinic explosion, in a con-
text where the symmetry is perturbed. The chaotic be-
havior of the solution before and after this global bi-
furcation is characteristic of the Shilnikov (1965) phe-
nomenon associated with a homoclinic orbit of saddle-
focus type. In such a case, one expects a cascade of
period-doubling bifurcations and saddle-node bifurca-
tions in the Poincaré map induced by the basic limit
cycle, as well as an infinite number of multiple-pulse
homoclinic orbits at and near the bifurcation value
(Guckenheimer and Holmes 1990; Wiggins 1987). This
theoretical scenario explains the numerically observed
period-doubling bifurcation shown in Fig. 4.

The ordering of the eigenvalues at the saddle point
on the perturbed-symmetric branch provides informa-
tion on the type of chaos observed. A linear stability
analysis at this point and for s values near the homo-
clinic explosion gives two real eigenvalues that are clos-
est to the imaginary axis—the least positive and least
negative ones—and two complex conjugate pairs that
correspond to symmetric Rossby waves. For the s in-
terval within which the global bifurcation lies, these
eigenvalues are nearly constant, and we list them in
decreasing order of their real parts, to wit: 10.0387 6
0.2995i, 10.0317, 20.01226, and 20.0206 6 0.0033i;
all other eigenvalues have more negative real parts.

The original Shilnikov (1965) scenario involves a
homoclinic orbit reconnected to a fixed point of saddle-
focus type, with rapid ejection in one (real) direction
and slow spiraling in within a tangent plane spanned by
two other directions (see also Ghil and Childress 1987).
The present situation corresponds to a slight general-
ization in which the relatively rapid ejection occurs in
the unstable 3D manifold whose tangent hyperplane at
the saddle focus is spanned by the eigenvectors that
correspond to the first three eigenvalues listed above,
while the relatively slow spiraling occurs predominantly
in the 3D submanifold associated with the remaining
three eigenvalues above; finally, the high-dimensional
rest of the stable manifold collapses itself rather rapidly
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FIG. 6. Transition between branches near the first homoclinic explosion, off the subtropical branch. Central panels:
TD time series that start from the initial states shown at left for s 5 2.77 3 1023 (upper panel) and s 5 3.11 3 1023

(lower panel). Final states are shown to the right; see text for details.

onto the latter submanifold. The rigorous treatment of
such multidimensional cases seems rather limited; see,
however, Kuznetsov (1995) for a theorem in Rn.

The chaotic behavior just described is robust to
changes in the values of other parameters, as indicated
by several numerical experiments where the inverse
Froude numbers F1 and F2, the Ekman number E, and
the Rossby number e were changed, one at a time. More-
over, time integrations on a finer, 10-km grid lead to the
same dynamical behavior. This type of transition to ape-
riodic behavior is not only robust, but also provides an
efficient mechanism for generating low-frequency be-
havior on an interannual scale. Interdecadal variability
arises next, when another homoclinic orbit is created
off the subpolar branch.

b. The subpolar-branch attractors

The subpolar branch of limit cycles, immediately after
the first Hopf bifurcation at 5 2.717 3 1023, is(pol)s1

characterized by higher-frequency variability than the
subtropical branch. Numerical solutions have a suban-
nual period of 5 5 months that agrees with the(pol)T1

linear results shown in the two uppermost panels of Fig.
1. The spatiotemporal behavior of this first oscillatory
instability is shown in Fig. 1 as mode 1 (middle row of
panels).

The limit cycle that arises from this instability’s finite-
amplitude saturation is destabilized through a second
Hopf bifurcation for s $ 5 2.905 3 1023. The(pol)s 2

trajectories are now quasiperiodic and lie on a 2-torus.
Figure 7 shows limit cycles, for , s , , and(pol) (pol)s s1 2

toroidal attractors for s . , projected onto the (Ep,(pol)s 2

Ek) plane. These 1 and 2 tori are spanned by the finite-
amplitude version of the two linear modes labeled 1 and
2 in Fig. 1.

The key role played by these two modes is confirmed
by the spectral analysis of potential-energy time series
taken from three of the attractors shown in Fig. 7, la-
beled A, D and G. The results of this analysis reveal
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FIG. 7. Limit cycles and toroidal attractors around the subpolar branch for increasing values of s. Large lower panel:
projection of the limit cycles and 2-tori onto the (Ep, Ek) plane: (A) s 5 2.800 3 1023, (B) s 5 2.850 3 1023, (C) s 5
2.900 3 1023, (D) s 5 2.942 3 1023, (E) s 5 3.000 3 1023, (F) s 5 3.035 3 1023, and (G) s 5 3.085 3 1023. The
three small upper panels are power spectra of the corresponding Ep time series for the solutions labeled A, D, and G, using
the standard fast Fourier transform algorithm. The frequencies f 1 5 1/147 day21 and f 2 5 1/122 day21 are nearly constant
over the range of s analyzed.

two distinct dominant frequencies, f 1 5 6.795 3 1023

( f 1 5 147 day21) and f 2 5 8.172 3 1023 ( f 2 5 122
day21), at s 5 2.942 3 1023. These two are remarkably
close to the frequencies computed by the linear analysis
whose results were plotted in Fig. 1: 5 148 days(pol)T1

and 5 120 days. It is interesting that the two basic(pol)T 2

frequencies obtained for the nonlinear, finite-amplitude
solutions do not vary as s increases, although the pe-
riods of the two linear modes, 1 and 2, both decrease
as s increases in Fig. 1 (upper-left panel). The 1- and
2-tori obtained for 2.8 3 1023 # s # 3.1 3 1023 fill
a relatively small region in phase space (Fig. 7), as the
amplitude of their energy variations is small. This could
explain why the linear analysis gives such accurate re-
sults.

The constancy of these two independent frequencies
for a small s interval suggests the presence of a ‘‘Devil’s
staircase’’ (e.g., Jin et al. 1994, 1996; Tziperman et al.
1994, and references therein). Hence, as s increases,
frequency locking is likely to set in. This phenomenon

does seem to occur in Fig. 7 for the tori E and G, which
actually appear to be much closer to a periodic solution
with a very long period than to a truly quasi-periodic
solution that is dense on a 2-torus, like D or F.

When s approaches the value 3.20 3 1023, the 2-
torus becomes unstable and the trajectory is attracted
toward a larger-amplitude limit cycle of period T 5 785
days (not shown). This periodic solution does not live
on the torus itself and has a much larger range of energy
variation than the previous solutions. Such behavior is
somewhat surprising since the appearance of stable limit
cycles in this situation arises in general from frequency
locking, as in the cases E and G in Fig. 7. Another
global bifurcation seems therefore to occur around s 5
3.20 3 1023, possibly a collision of one of the previous
tori with a limit cycle like the ones shown in Fig. 8.

In fact, all the subtropical trajectories shown in Figs.
5 and 6, when destabilized, converge to a low-frequen-
cy, large-amplitude and stable subpolar limit cycle and
not to the tori of Fig. 7. This is so even for values of
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FIG. 8. The (Ep, Ek) projection of subpolar limit cycles for s values increasing as s 5 2.820
3 1023 (heavy solid: T 5 855 days); s 5 2.857 3 1023 (light solid: T 5 2 3 850 days); s 5
3.104 3 1023 (light dashed: T 5 800 days); and s 5 3.220 3 1023 (heavy dashed: T 5 780
days).

s , 3.20 3 1023, that is, when these tori are stable.
We have therewith an interesting case of coexistence of
two stable families of attractors.

We investigate next the family of large-amplitude lim-
it cycles by decreasing smoothly the intensity s of the
wind stress. As s decreases, so does the amplitude of
the limit cycles, although it remains much larger than
the amplitude of the tori that coexist with them (cf. Figs.
7 and 8). These limit cycles appear therewith, at first
to arise by a supercritical Hopf bifurcation; their period,
however increases regularly as s decreases and reaches
855 days for s 5 2.820 3 1023. A period-doubling
bifurcation near s 5 2.857 3 1023 indicates that, ac-
tually, more complex bifurcations may occur in this
neighborhood. We did not explore these phenomena fur-
ther since this family of solutions becomes again simply
periodic for smaller values of s. For s , 2.820 3 1023,
these limit cycles become unstable and the solution con-
verges to one of the smaller limit cycles around the
subpolar branch that are spanned by the subpolar mode
1 in Fig. 1 (between cases A and B in Fig. 7).

The origin of this family of limit cycles remains un-
explained. It could arise from another isolated branch
of solutions that was not detected in Part I. Newton
algorithms using various initial states in the vicinity of
the limit cycle’s mean state, or other ‘‘educated
guesses,’’ either converge to the already-known sub-
polar branch or do not converge at all.

Figure 9 shows the mean state (pair of uppermost

panels) and the streamfunction anomalies (four pairs of
lower panels) of one of these limit cycles, at the lowest
value of s at which it is stable, that is, at s 5 2.820
3 1023. These limit cycles clearly correspond to os-
cillatory gyre modes that propagate northwestward (cf.
Fig. 9 with Fig. 2). This family should thus be related,
through the perturbed mirror symmetry which prevails
in the SW models, to the oscillatory gyre modes found
around the subtropical branch. Moreover, the amplitude
of these subpolar limit cycles in the (Ep, Ek) plane (not
shown) is comparable to those spanned by the subtrop-
ical oscillatory gyre mode (see Figs. 4 and 5).

For a slightly more intense wind stress, the large limit
cycles of Fig. 8 become unstable between 3.225 3 1023

, s , 3.233 3 1023. Time series analysis reveals cha-
otic behavior at s 5 3.245 3 1023. This transition to
chaos occurs within a very narrow s interval and the
details do not seem to affect subsequent behavior at
larger s. Fourier analysis, prefiltered or not, yields two
spectral peaks: a dominant one around 710 days, coming
from the original period , and a weaker one at 350(pol)T 2

days (not shown). Note that, at this value of s, the
oscillatory gyre mode 3 off the subpolar branch has
already become unstable (see Fig. 1); its associated pe-
riod of 5 290 days, however, does not seem to(pol)T 3

appear in the spectrum of the time series. This reinforces
the impression that the chaotic dynamics does not arise
from the competition of oscillatory instabilities off the
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FIG. 9. Mean state (pair of uppermost panels) and streamfunction anomalies of the smallest limit cycle
shown in Fig. 8, i.e., for s 5 2.820 3 1023 and T 5 855 days; the anomalies are shown for every quarter
period (pairs of panels labeled T/4, T/2, 3T/4, and T ).



APRIL 2003 741S I M O N N E T E T A L .

FIG. 10. Chaotic subpolar solution for s 5 4.70 3 1023. The upper two panels give the time series of
TD and Ep, while the lower-left panel displays the projection onto the (Ep, Ek) plane. The lower-right panel
gives the maximum entropy spectrum of the potential energy time series after SSA prefitering; the order
of the MEM is 5 60, SSA window width 5 16 yr, and the number of reconstructed components 5 8 (see
Dettinger et al. 1995; Ghil et al. 2002a).

subpolar branch itself but from global effects in phase
space.

In Fig. 10, the situation for a much larger value of s
5 4.70 3 1023 is presented. The solution is much more
irregular than in Figs. 5–8 (see the two upper panels).
Still, the spectrum of the potential energy (lower-right
panel) has peaks that are very similar to those before,
that is, at s 5 3.245 3 1023, with robust signatures
around 2 and 3 years but none around 1 year. To suppress
the broadband noise a prefilter based on singular-spec-
trum analysis (SSA: see Dettinger et al. 1995; Ghil et
al. 2002a; and Part I of this study) has been applied in
Fig. 10. Note that, as one reduces the SSA window width
to 2 years or so (not shown), the 140-day peak related
to Rossby wave propagation (mode 1) also emerges dis-
tinctly; its 120-day companion (mode 2) is present as
well, but to a lesser extent.

In this regime, the orbits stay in the vicinity of the
subpolar branch, being characterized by entirely nega-

tive TD values. Very energetic oscillations of relaxation
type are associated with the high-energy spikes seen in
the time series of the potential energy (Fig. 10, second
panel from the top). The spatiotemporal behavior of the
flow (not shown) corresponds to a high-amplitude ver-
sion of the subpolar oscillatory gyre modes shown in
Fig. 9. The relaxation phase of these oscillations, when
the energy drops suddenly, is dominated by both eddy
formation and the Rossby wave dynamics responsible
for the 4–5 month variability.

In the next section, a typical relaxation oscillation,
similar to the ones in Fig. 10, is described. We also
show that, in some parameter regimes, transitions from
the subpolar to the subtropical branch occur as well.

c. Perturbed homoclinic orbits

We performed a set of experiments with a wind stress
forcing of s 5 4.00 3 1023 and different values of the
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FIG. 11. Approximate homoclinic orbit for s 5 4.00 3 1023, A 5 200 m2 s21 and e 5 0.033. The large panel at center right shows the
time evolution of the strength hi,MAX 2 1 of the subtropical gyre (positive) and the strength hi,MIN 2 1 of the subpolar gyre (negative); see
Eq. (24) in Part I. The large center-left panel is a projection of the orbit onto the plane spanned by the strength of the subpolar vs the
subtropical gyre. Streamfunction flow patterns are shown for the four phases C0, C1, C2, C3 of the recirculation dipole’s life cycle in pairs
of small panels at the top (C0 and C1) and bottom (C2 and C3) of the figure. The arrows in the center-left panel identify the sense and rate
of the evolution around the orbit.

Rossby number e [see discussion that follows Eqs. (4)
and (5) in Part I]. For these experiments, we used a
viscosity of A 5 200 m2 s21 that is smaller than the
viscosity of A 5 300 m2 s21 used so far.

Homoclinic orbits are structurally unstable and thus
cannot be obtained exactly by standard methods of com-
puting forward trajectories in high-dimensional dynam-
ical systems like our 2½-layer SW model. Their pres-
ence is, however, manifest in the characteristics of near-
by orbits in phase space. Moreover, the proximity of a

homoclinic bifurcation of codimension 1 in parameter
space tends to organize the chaotic flow dynamics in a
very specific way. Two different cases of such behavior
are described in the following.

The value of e 5 0.033 taken here is higher than the
value 0.02 used so far (see Table 1). The system’s dy-
namical behavior is dominated by the life cycle of a
strong, nearly antisymmetric dipole structure (see up-
permost and lowermost panels in Fig. 11). The two large
central panels of Fig. 11 show the time evolution of this



APRIL 2003 743S I M O N N E T E T A L .

life cycle in terms of the strengths of the subtropical
and the subpolar gyre [maximum and minimum of the
thickness anomalies of the upper layer, respectively; see
figure caption here and Eq. (24) in Part I]. The sawtooth
shape apparent in particular in the subpolar gyre’s
strength (center-right panel) indicates a relaxation os-
cillation. The oscillation’s extreme phases, as well as
its slow-growth and rapid-decay phases, are identified
in the figure by the symbols C0–C3 and by the arrows
in the phase-plane projection at center-left.

In phase C0, two vortices of minimal and nearly equal
strength, as well as relatively small and nearly equal
size, occupy the recirculation zone. In phase C1, both
cells of opposite vorticity grow slowly in size as well
as intensity until they nearly reach the eastern wall of
the basin. In phase C2, the cyclonic, subpolar cell is
considerably stronger than the anticyclonic, subtropical
one. This breaks the symmetry of the quasi-stable di-
polar structure, which tilts suddenly away from the axis
of symmetry and drifts rapidly northwestward. In phase
C3, the vorticity in the recirculation zone has nearly
disappeared, while a small dipole survives in the basin’s
northwestern corner. At this point, the slow-growth
phase is ready to start all over again.

The phase-plane projection of the trajectory (center-
left panel in Fig. 11) is suggestive of the existence of
an exact homoclinic orbit at a nearby point in parameter
space. The slow and energetic part of the evolution cor-
responds in general to the fixed point’s stable manifold
and the fast part to the unstable one. However, in this
case, the homoclinic bifurcation has already occured for
a smaller value of s so that the orbit in Fig. 11 misses
its exact reconnection with the fixed point of saddle-
focus type. The perturbed-symmetric branch of solu-
tions indeed exhibits flows very similar in pattern to the
instantaneous snapshot C1: this confirms the role played
by an earlier homoclinic bifurcation, such as the one
described in section 3a and for a different parameter
regime, off this branch.

The mean oscillation period of this dipole’s life cycle
is ;13 yr over the 170-yr time series analyzed. Smaller-
amplitude, more irregular fluctuations are superimposed
on it and have a monthly timescale. These irregular
fluctuations seem to be associated with the homoclinic
tangle that arises due to the plotted trajectory’s missing
exact reconnection. A similar coexistence of rapid, ir-
regular oscillations with slower and more regular ones
has also been documented in QG models (Primeau 1998;
Berloff and McWilliams 1999; Meacham 2000; Ghil et
al. 2002b).

We next decrease the value of the Rossby number to
e 5 0.025. The two time series in Fig. 12 show positive
and negative TD values that alternate, as do low and
high Ep values. In the figure’s uppermost pair of panels,
we plot the mean composite of the solution when TD
. 0; four of the years used in the compositing are circled
here. It is clear that, in this phase A, the solution dwells
near the subtropical branch of steady states. Phase A is

thus referred to as subtropical, in contrast with the sub-
polar one shown in the lower-right panel of Fig. 12
(labeled C). The streamfunction of the latter is also ob-
tained by performing a composite analysis with the con-
straint that TD , 20.3 and Ep , 700 simultaneously,
that is when the solution has low energy and a more
intense subpolar recirculation.

The dipole’s life cycle resembles somewhat the one
exhibited in Fig. 11. In particular, one observes a sim-
ilarly slow growth phase of a nearly antisymmetric di-
pole labeled B in Fig. 12 (lower-left pair of panels); its
flow pattern corresponds more or less to the state re-
ferred to as C1 in Fig. 11. However, contrary to the
previous case, the dynamics is characterized by the ap-
pearance of two distinct flow regimes: they correspond
either to solutions in the vicinity of the subtropical
branch, phase A, or to solutions in the vicinity of the
subpolar branch, phase C. These two types of solution
behavior occur both during the generation of the smaller
eddies, that is, just after the high-energy dipole B, with
its extended and straight eastward jet, has collapsed.
Spectral analysis of the time series exhibits a pro-
nounced peak around 7 yr (not shown), which equals
the mean period of the dipole’s life cycle. Interdecadal
variability is also generated by the irregular transitions
between regimes.

The chains of regime transitions A → B → A, C →
B → C, A → B → C or C → B → A are most frequent.
We have not observed direct transitions between re-
gimes A and C, without the appearance of the slow-
growth phase B.

The solutions that leave the vicinity of the weakly
unstable subtropical branch in section 3a follow the
same spatiotemporal sequence: a strong, antisymmetric
dipolar structure grows in size and in intensity until it
is destabilized and gives birth to new dynamics in the
vicinity of the subpolar branch. This transition corre-
sponds to the previous path A → B → C, except that
C in this case is a stable periodic solution off the sub-
polar branch (one of the limit cycles of Fig. 8).

We suspect that the transitions between a subtropical
and a subpolar flow regime also have their roots in an
earlier homoclinic bifurcation. Chang et al. (2001) ob-
served trajectories in phase space that span both attrac-
tors, subpolar and subtropical. In a QG model with exact
symmetry, it is expected that the homoclinic explosion
associated in the present study with the isolated branch
occurs simultaneously—that is, at the same parameter
value—on both the subpolar and subtropical branch. A
symmetric homoclinic orbit can thus organize the whole
dynamics of the barotropic double-gyre circulation as
the nonlinearity is increased. Nadiga and Luce (2001)
have recently documented this phenomenon in a baro-
tropic, reduced-gravity QG model.

For particular parameter settings, these symmetric
homoclinic orbits may survive the natural lack of sym-
metry of the SW equations; alternatively, a second, sub-
polar homoclinic bifurcation occurs after the subtropical
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FIG. 12. Approximate homoclinic orbit that spans all three branches, for s 5 4.00 3 1023, A 5 200 m2

s21, and e 5 0.025. The two large central panels show the time series of TD (upper) and Ep (lower). Flow
patterns are shown in the pairs of smaller panels above and below, for the three preferred regimes: (a)
subtropical regime, (b) perturbed-symmetric regime, and (c) subpolar regime. The uppermost pair of panels
corresponds to the streamfunction composite (a) of the flow when TD . 0. The lower pairs of panels
corresponds to an instantaneous snapshot of the perturbed-symmetric solution (b) and a composite for the
subpolar solutions (c).
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homoclinic bifurcation. Thus, due to the lack of sym-
metry, the simultaneous explosion on both asymmetric
branches is delayed: a subtropical homoclinic bifurca-
tion occurs first, as described in section 3a, followed
eventually by a subpolar homoclinic bifurcation. Tran-
sitions between the two (asymmetric) branches then be-
come possible, although one of the branches may be
preferred (see also the sketch of the dynamics in Fig.
16 below).

The first, subtropical homoclinic bifurcation enables
transitions A → B → C, while the second, subpolar one
enables transitions C → B → A (see again Fig. 12). In
the cases studied here, the fact that the trajectories visit
the neighborhood of the perturbed-symmetric branch
through the emergence of a symmetric dipole with an
extended jet, like in flow pattern C1 of Fig. 11 and
pattern B of Fig. 12, is an indication that such a subpolar
homoclinic bifurcation is very likely. We have good
visual evidence, based on comparing instantaneous flow
patterns (not shown) with those of subtropical steady
states, that such a bifurcation occurs in the range 3.400
3 1023 , s , 3.450 3 1023.

Reducing the eddy diffusivity A seems to be an ef-
ficient mechanism for increasing the frequency of re-
gime transitions (not shown). Similarly, for small values
of the Rossby number e, the dynamics of the SW equa-
tions converges to QG dynamics and regime transitions
between subpolar and subtropical flows occur more fre-
quently (not shown either).

4. Comparison with observations

a. Large rectangular basin

To compare our numerical results with the observed
circulation of an ocean basin, we performed two ad-
ditional sets of numerical simulations that used more
realistic geometries. The first followed Speich et al.
(1995) in using a rectangular basin close in size to the
North Atlantic, that is, 6400 km 3 4400 km. We applied
to it the same idealized zonal wind stress forcing given
by Eq. (2) in Part I. The number of unknowns is 106

when using a horizontal resolution of Dx 5 Dy 5 12
km. We applied therefore a domain decomposition al-
gorithm with 32 processors on an SGI computer with
128 processors (Scaamp System, Indiana University).

The forcing parameter was chosen to be s 5 0.20 3
1021. All other parameters have the same values as in
Table 1, except for the horizontal eddy diffusion coef-
ficient, which is now A 5 150 m2 s21. This yields an
Ekman number of E 5 3 3 1026 here versus E 5 6 3
1026 in Table 1. In all the simulations reported in this
section, we started from a solution at rest and eliminated
transient behavior by ignoring the first 30–40 years of
the time integration. This left in each case a 100-yr-
long record for analysis that allows us to capture signal
regularities with periods up to a decade or so.

The energy of the system varies irregularly, although

the trajectory is trapped in a small region of the (Ek,
Ep) phase plane (not shown). In order to obtain further
information on the model’s behavior, we extracted a few
principal modes of variability from the time series of
global scalar quantities. SSA was applied to the kinetic
energy record using a window width of 140 months, as
suggested by Moron et al.’s (1998) analysis of observed
sea-surface temperatures for the North Atlantic. The
power spectrum of the record projected onto the sum
of its 12 leading reconstructed components is shown in
Fig. 13a.

Three peaks are in evidence in the figure, at 7 years,
2.9 years, and 24 months. To test the robustness of our
spectral results, we varied the window width in the SSA
algorithm, the number of leading modes used in the
prefiltering, and the maximum entropy method (MEM)
order in the spectral analysis itself. We also performed
the same analysis for different physical quantities, such
as potential energy and normalized transport difference
TD. All these analyses exhibited the same spectral peaks
as seen in Fig. 13a.

The flow patterns in the two panels of Fig. 13b show
a fairly smooth Sverdrup interior in the eastern part of
the basin. Complex interactions among multiple vortices
occur in the recirculation zone, near the detachment of
the eastward jet from the western boundary, like in the
smaller, 1000 km 3 2000 km basin (see Figs. 1–3, 11,
and 12). Along the northern boundary, Rossby waves
propagate westward with a period of roughly 7–8
months, although this mode of variability does not ap-
pear in the SSA analysis of global scalar time series.

We performed different simulations, changing lateral
viscosity to A 5 200 m2 s21 and A 5 300 m2 s21, and
grid resolution to 10 and 20 km. All these simulations
exhibit roughly similar results, with at least one robust
peak of variability around 6–7 years and two peaks with
higher frequency around 3 years and 20–25 months.
This is in fairly close agreement with the results of
Speich et al.’s (1995) 1½-layer model. These authors
used a viscosity of A 5 300 m2 s21 and a resolution of
Dx 5 Dy 5 20 km thoughout their work.

Speich et al. (1995) analyzed the Cooperative Ocean–
Atmosphere Data Set (COADS) sea surface tempera-
tures to determine the meridional position of the Gulf
Stream and the Kuroshio Extension axis at a fixed lon-
gitude. Their spectral analysis of the time series so ob-
tained showed similar peaks: 6 years and 20 months for
the Gulf Stream, and 9 years and 29 months for the
Kuroshio Extension. As was pointed out by these au-
thors (see also Jiang et al. 1995), the size of the basin
is an important factor in the variability: the model’s
oscillation periods increase with the width of the basin;
the periods also seem, in our experiments, to increase
slightly with decreased viscosity (not shown). The pe-
riod of 7–8 months, associated in this version of our
SW model with internal Rossby waves, has also been
observed in Gulf Stream variability derived from sat-
ellite data by Lee and Cornillon (1995).
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FIG. 13. Model results for a large rectangular basin of 6400 3
4400 km2. (a) Maximum-entropy spectrum of the SSA-prefiltered
kinetic energy time series; the MEM order is 20. (b) Snapshot of the
upper- and lower-layer streamfunction at T 5 100 yr.

b. North Atlantic–shaped basin

1) IDEALIZED WIND STRESS

We finally performed another simulation in which we
approximated the size and shape of the North Atlantic

basin (NAB) using bathymetry data from the DAMEE-
NAB database DTM-5, which is updated from ETOPO-
5 (see Chassignet et al. 2000). The contour level chosen
to define the lateral boundaries for both active layers
was at depth 500 m between 208 and 608N (see Fig.
14a). The ETOPO-5 geometry was only used to deter-
mine the position of the coastlines: the model still has
an infinitely deep lower layer and hence no effects of
bathymetry inside the basin are included (see Fig. 1 in
Part I).

The experiment was performed with an eddy-resolv-
ing grid of Dx 5 Dy 5 12 km, while the eddy viscosity
chosen was A 5 200 m2 s21. This equals the value used
by Dijkstra and Molemaker (1999) for a North Atlantic–
shaped basin with a resolution of roughly 50 km, while
Berloff and McWilliams (1999) used A values from 400
to 1600 m2 s21 and resolutions from 15 to 30 km on a
square basin of 3840 km on each side.

We also took H1 5 H2 5 250 m and U 5 0.1 m,
while all the other parameters had the same values as
before. This simulation still used the idealized wind
stress forcing of Eq. (2) in Part I, with D now corre-
sponding to 408 of latitude.

We analyzed several scalar time series from the 100-
yr record obtained from this simulation after discarding
the initial transients. The time series analyzed included
the total kinetic and potential energy, the kinetic energy
in the subpolar and subtropical gyres, and the (positive
and negative) extrema of the upper-layer thickness. We
used an SSA prefilter and computed the maximum en-
tropy spectrum of the prefiltered records; the number of
reconstructed components retained was 12. We chose
different SSA window widths, namely 20 and 5 years,
for interannual and subannual variability, respectively.
Figure 14b shows the maximum entropy spectrum of
the subpolar kinetic energy (light dotted) and the total
potential energy (heavy solid). They are representative
of the different modes of variability present in the other
time series analyzed but not shown here.

One subannual peak of 188 days (6.2 months) is pre-
sent in all global quantities, such as total kinetic and
potential energy. This peak is associated with variations
in the subtropical recirculation cell’s shape, size, and
intensity, as manifested in particular in the maximum
of the upper-layer thickness. This maximum is located
in the subtropical recirculation cell east of Florida and
south of the Gulf Stream, near 308N, 758W. The sub-
tropical potential energy also exhibits a 125-day mode
(not shown).

The main subannual period of this simulation is thus
quite close, in period and characteristics, with the sub-
polar-branch oscillatory instability of the small, rect-
angular-basin model of sections 2 and 3 here. As men-
tioned already, these spatiotemporal characteristics also
agree with the main subannual mode of Chang et al.’s
(2001) QG barotropic model. The 6-month period agrees
furthermore with that found in a 20-yr integration of
the Modular Ocean Model (MOM) at 0.58 resolution (A.
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FIG. 14. Model results for a basin that approximates the North Atlantic in size and shape, using an idealized wind stress. (a) Snapshot of
the upper- and lower-layer streamfunctions at T0 5 100 yr; (b) maximum entropy spectrum of the potential energy of the whole basin (heavy
solid line) and subpolar kinetic energy (light dotted line). The SSA window width is 20 years, the number of reconstructed components
retained 5 12, and the MEM order 5 40. (c) Multitaper spectrum of subpolar kinetic energy, showing separate spectral components and
significance levels: reshaped spectrum (heavy solid line), harmonic spectrum (heavy dotted), and red-noise comparison spectrum (99%
confidence level, light solid); see Mann and Lees (1996) and Ghil et al. (2002a) for details.

Wirth, K. Ide, and M. Ghil 1999, personal communi-
cation; see also Chassignet et al. 2000).

The subpolar gyre shows vigorous activity charac-
terized by internal Rossby waves that propagate north-
westward into the basin’s Labrador Sea. Their period
seems to vary between 16 and 25 months. Three separate
peaks are apparent in the gyre’s kinetic energy at 16,
20, and 25 months (see Fig. 14b) and all three are quite
robust. They are also present in the time series of upper-
and lower-layer thickness for particular grid points lo-
cated in this region (not shown). Multitaper spectral
estimates performed for the subpolar Ek using the SSA-
Multitaper Method (MTM) Toolkit (Dettinger et al.
1995; Ghil et al. 2002a) give the same three peaks as
being significant above the 99% confidence level (Fig.
14c).

An interannual 7-yr mode is clearly apparent in the
subpolar kinetic energy (see both Figs. 14b and 14c).

It is not present in quantities characterizing the dynam-
ics of the subtropical gyre. Moron et al. (1998) found
a 7–8-yr mode to act on the North Atlantic’s whole
double-gyre circulation over the last century of sea sur-
face temperature data, while Plaut et al. (1995) identified
it also in three centuries of central England tempera-
tures. Moreover, Simonnet (2001) observed a 7.5-yr
peak in a 120-yr-long dataset of sea level pressures over
the North Atlantic. The spatiotemporal characteristics
of this observed oscillation are therewith closer to the
6-yr mode obtained in the large rectangular basin of
section 4a here, as well as by Speich et al. (1995), than
to the 7-yr oscillation that arises in the present simu-
lation with a more realistic domain shape and still ide-
alized wind stress.

A preliminary experiment that used slightly different
numerical parameters and resolution, and a basin that
had somewhat less realistic boundaries, was also per-
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FIG. 15. As in Fig. 14a but for a realistic Hellerman and
Rosenstein (1983) wind stress on a 20-km grid (T0 5 90 yr).

formed in preparation for the one described above. It
yielded, in fact, quite similar results, to wit, a 7-yr sub-
polar mode together with higher-frequency modes of 6–
10 months that arise in the subtropical gyre.

2) REALISTIC WIND STRESS

The snapshots of the upper- and lower-layer stream-
function shown in Fig. 14a exhibit a subtropical gyre
that is both stronger and occupies a larger area than the
subpolar one. This simulation’s subpolar gyre is, how-
ever, still too large and strong, while the subtropical
gyre is still unrealistically regular and smooth. Dijkstra
and Molemaker (1999) carried out sensitivity experi-
ments concerning the wind stress field’s impact on the
circulation for a realistically shaped domain. They used
a continuous deformation of the wind stress field—from
a purely zonal wind with a sinusoidal profile to a more
realistic, climatological vector field of wind stresses due
to Hellerman and Rosenstein (1983, HR hereafter).
Much more realistic flows were obtained by these au-
thors when using HR wind stress data. In particular, the
subpolar gyre had a more realistic size and strength.

We thus performed a simulation using HR wind
stresses. Their dataset consists of vector values on a 28
3 28 grid, which we interpolated to fit our finer Arakawa
C grid. We show in Fig. 15 the final snapshot from a
simulation that uses a 20-km grid with the same param-
eters as before, except for H1 5 H2 5 200 m. For these
parameters, the model’s Gulf Stream separates slightly
north of Cape Hatteras and exhibits meanders that are
fairly realistic in position and wavelength, although their
amplitude is exaggerated. The size and strength of the
subpolar gyre is much more realistic, with the model’s
North Atlantic Drift now reaching the British Isles. The
Gulf Stream shows a tendency to overshoot in other
model experiments (not shown) that use larger values
of H1 and H2.

We also analyzed spectrally time series taken from
the last 90 years of the 120-yr simulation whose final
snapshot is shown in Fig. 15. The power spectrum of
the total potential energy has three significant spectral
peaks, at 6.5 and 7.2 months and at 3.5 years (not
shown). The subannual modes are also present in the
kinetic energy time series together with some of their
harmonics. No signature of a 7-yr oscillation is apparent,
though, in this run.

5. Concluding remarks

A summary of the results of Part I was given there
and will not be repeated here. A key result was the
robustness of the perturbed-pitchfork bifurcation that
leads to multiple equilibria in the double-gyre circula-
tion. We call the three branches of the ‘‘pitchfork’’ sub-
polar, perturbed symmetric, and subtropical. The sub-
polar branch is continuously connected to the limit of
no forcing, while the subtropical and perturbed-sym-

metric ones are connected to each other by a saddle-
node bifurcation, but isolated from the subpolar branch.
In section 5a we summarize the results of the present
Part II and in section 5b we discuss the conclusions of
the entire two-part paper.

a. Summary

Part II aims at understanding the time-dependent be-
havior of the double-gyre circulation, with an emphasis
on the causes of its low-frequency variability. Linear
stability analysis and forward integration in time of the
model were used. We first studied in detail the model’s
idealized version, within a 2000 km 3 1000 km domain;
in this model version, wind stress is purely zonal and
has a sinusoidal profile in the meridional direction.

As the wind stress is intensified, each one of the three
steady-state solution branches obtained in Part I (see
Fig. 2 there) undergoes a Hopf bifurcation (see Figs. 1
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and 2 here for the subpolar and subtropical branch). The
time-dependent solutions obtained near the bifurcation
points do exhibit periodic behavior with a period very
close to that computed by the linear analysis. The grow-
ing oscillatory modes that lead to these limit cycles are
mainly barotropic for all three branches (see again Figs.
1 and 2). The prevalence of barotropic modes is a very
robust feature of the model’s primary Hopf bifurcations
in the main parameter range that we studied.

For other parameter ranges, though, baroclinic insta-
bilities are also present (see Fig. 3). A decrease of H2,
that is, a decrease of the internal Rossby radius of de-
formation, favors baroclinic instabilities. In this case,
the first Hopf bifurcation for the subpolar branch of
solutions occurs before the saddle-node bifurcation (re-
call Fig. 6 of Part I; cf. also Dijkstra and Katsman 1997
and Ghil et al. 2002b).

The subtropical solutions have a more intense sub-
tropical recirculation cell, while the area covered by the
entire subtropical gyre is smaller than that of the sub-
polar one. A cascade of period-doubling bifurcations
occurs along the subtropical branch soon after the first
Hopf bifurcation (Fig. 4). The mode involved in this
process is a subtropical, low-frequency gyre mode. Its
amplitude and period increase regularly before the first
period-doubling bifurcation. Afterward, the flow be-
comes rapidly chaotic until the trajectories in phase
space touch the perturbed-symmetric branch, which is
unstable (Fig. 5). The numerical evidence strongly sug-
gests a homoclinic explosion that involves an infinite
number of saddle-node, period-doubling and homoclinic
bifurcations at a critical value of the wind stress inten-
sity.

The subtropical solutions are subsequently attracted
toward large-amplitude, low-frequency limit cycles that
loop around the subpolar branch (Figs. 6 and 8); these
subpolar limit cycles are the approximate mirror images
of the ones spanned by oscillatory subtropical gyre
modes (Fig. 9). The periodic solutions so obtained, how-
ever, are not generated by a Hopf bifurcation off the
subpolar branch and their dynamical origin has not been
pursued further.

The solutions that arise by primary and secondary
Hopf bifurcation, at lower s values, off the connected
subpolar branch involve mainly resonant Rossby basin
modes (Fig. 7) with periods of 4–5 months. These
modes later on affect the low-frequency subpolar limit
cycles, with periods of 2–3 yr (Fig. 10), by adding their
higher-frequency variability.

At high wind stress forcing levels, vigorous oscilla-
tions of relaxation type, with an interdecadal timescale,
predominate on the subpolar branch. They correspond
to the slow growth of an energetic, nearly symmetric
dipole, followed by its rapid destabilization and asso-
ciated eddy generation. This behavior is associated with
alternations between an extended and fairly straight
eastward jet on the one hand and a short, meandering

one on the other (see also Ghil et al. 2002b, and ref-
erences there).

For even higher forcing, the subpolar and subtropical
dynamics may recombine: irregular transitions between
the two types of (approximately) mirror-symmetric so-
lutions are observed and each transition seems to be
punctuated by the slow growth of a nearly symmetric
dipole (Fig. 12). The numerical evidence here points to
a second homoclinic bifurcation. This second bifurca-
tion is associated with the subpolar branch and seems
to connect subpolar trajectories with a fixed point that
belongs to the perturbed-symmetric branch.

The reason for this behavior is the following: in ex-
actly symmetric QG models, ‘‘figure-eight’’ homoclinic
orbits may arise (Chang et al. 2001) and lead to a hom-
oclinic explosion simultaneously for both asymmetric
branches (Nadiga and Luce 2001). In the case of per-
turbed symmetry, like in the SW equations, this phe-
nomenon is also perturbed in parameter space. The first
homoclinic bifurcation occurs when limit cycles off the
subtropical branch touch the perturbed-symmetric one.
This is followed by a second one, as the phenomenon
is approximatively repeated for limit cycles that are as-
sociated with the subpolar branch. The parameter de-
pendence of the time-dependent dynamics is summa-
rized in Fig. 16.

In order to pursue the investigation in a slightly more
realistic context, we performed a set of forward inte-
grations in a rectangular domain that has roughly the
size and aspect ratio of the North Atlantic basin between
208 and 608N, and also in a domain that reproduces the
shape of the eastern and western shores of the basin
between these two latitudes. The latter simulation used
an eddy-resolving 12-km grid and an eddy viscosity that
is half the lowest one used by Berloff and McWilliams
(1999; A 5 200 m2 s21 here vs 400 m2 s21 in their
work).

Both of these more realistic model versions present
three robust modes of variability with periodicities of
6–7 years, 3 years, and 20–25 months (see Figs. 13 and
14). The 6–7 year and the 20-month peaks agree fairly
well with those exhibited by the variability of the Gulf
Stream axis position, as deduced from 40 years of
COADS data by Speich et al. (1995). The robustness
of these spectral peaks seems to indicate that the shape
of the basin is not a decisive factor for its low-frequency
variability (see also Dijkstra and Molemaker 1999).

The separation and meandering of the Gulf Stream,
as well as the size and strength of the subpolar versus
the subtropical gyre, are much more realistic when using
climatological wind stress forcing (see Fig. 15). A more
realistic wind stress field, though, does not affect sig-
nificantly the spatiotemporal variability patterns ob-
tained throughout our study.

b. Discussion

In the present paper, we have taken a number of steps
in the direction of greater realism in applying the dy-



750 VOLUME 33J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y

FIG. 16. Sketch of the local and global dynamics of the model’s bifurcation tree, as a function of the wind
stress intensity: LC stands for a subtropical limit cycle; LC1 and T represent the small-amplitude, high-
frequency subpolar limit cycles, and the 2-tori of Fig. 7, respectively; LC2 corresponds to the large-amplitude,
low-frequency, subpolar limit cycles of Fig. 9; L and S refer to the limit point (or turning point) at the origin
of the subtropical and perturbed-symmetric branch, and the saddle-node point on the perturbed-symmetric
branch, respectively; (A), (B), and (C) correspond to the flows in Fig. 12, while Slow and Fast refer to the
phase-space speed of the trajectory for the relaxation oscillations associated with LC2.

namical systems approach to the oceans’ wind driven
circulation. This approach appears successful in several
respects and it points to the paramount importance of
global bifurcations in determining the double-gyre cir-
culation’s low-frequency variability. The occurrence of
one or even two successive homoclinic explosions leads
to an intricate and rich interannual and interdecadal var-
iability that only the most recent studies (Meacham
2000; Chang et al. 2001; Nadiga and Luce 2001) have
started to elucidate. Many questions remain and we for-
mulated several working hypotheses for their resolution.

A key question one may ask concerns the physical
origin of these homoclinic bifurcations. The low-fre-
quency oscillatory gyre modes are always involved in
their appearance (see sections 3a and 3b). Their ampli-
tude in the (Ep, Ek) plane grows as the system’s energy
is increased by a stronger wind stress. It is this growth
that leads, essentially, to the subtropical homoclinic bi-
furcation. The more precise question: Why is there no
other saturation mechanism for these modes?

Simonnet and Dijkstra (2002) pointed out the im-
portance of the symmetry in the spontaneous generation
of the oscillatory gyre modes. Their work indicates that
the (perturbed) symmetric branch must be involved in
the low-frequency relaxation oscillations that are as-
sociated with the nearby homoclinic orbits. There is,
therefore, growing evidence for an underlying, essen-
tially low-dimensional system that subsumes these three
interrelated phenomena: (perturbed) pitchfork bifurca-
tion, oscillatory gyre modes, and the homoclinic bifur-
cations that follow.

In our numerical simulations, including the most re-
alistic, eddy-resolving, low-viscosity ones, we found a
net separation in time and space scale between eddy
fluctuations, on the one hand, and the energetic relax-
ation oscillations of the recirculation zone’s dipolar
structure, on the other. This suggests that the low-fre-
quency behavior of the double-gyre circulation ob-
served here is likely to survive in the much more tur-
bulent regimes that can, finally, be obtained in the cur-
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rent ocean GCMs (Chao et al. 1996; Smith et al. 2000).
It is, however, unclear if the relaxation oscillations ob-
served here will survive a flow regime that is dominated
by baroclinic instabilities. No studies so far have con-
sidered the effect of the first baroclinic instabilities oc-
curring before the pitchfork bifurcation on the first glob-
al bifurcations (after the pitchfork bifurcation).

The irregular transitions between subpolar and sub-
tropical flow patterns that are induced by global bifur-
cations provide a rather simple, although still conjec-
tural, explanation for the bimodality of the Kuroshio
and the Gulf Stream (Schmeits and Dijkstra 2001). More
generally, it will be interesting to confront a typical
statistical approach to oceanic flows—patterned after
those in use when studying atmospheric weather re-
gimes and their Markov chains (Cheng and Wallace
1993; Kimoto and Ghil 1993a,b; Ghil and Robertson
2002)—with a dynamical systems one. In order to rec-
oncile these two approaches, there is still a long way
to fully understand how homoclinic bifurcations and
(perturbed) symmetry affect the low-frequency vari-
ability of the double-gyre circulation in model config-
urations that include more realistic bathymetry, wind
stress, and vertical resolution.

In particular, the dynamical origin of the 7-year peak
observed in several simulations of the double-gyre cir-
culation still remains an open question. Preliminary re-
sults point toward the residual influence of the oscil-
latory gyre modes after the first global bifurcation. If
this result is confirmed by further studies, and if the
spatiotemporal signature of these peak is the same as
the one found in atmospheric and oceanic observations
(Moron et al. 1998; Plaut et al. 1995; Simonnet 2001),
it would provide a striking example of the importance
of dynamical systems concepts in understanding mid-
latitude oceanic variability.
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