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Abstract 

In this paper we extend results of Kida (J. Phys. Soc. Japan 50 (1981) 3517) and Neu (Phys. Fluids 27 (1984) 2397) on 
the dynamics of elliptically shaped regions of uniform vorticity in external linear velocity fields. The work of Kida and 
Neu was concerned with time-independent external linear velocity fields and we consider the case in which the linear 
external linear velocity fields may be time-periodic. We derive a Hamiltonian formulation for such problems in such 
a way that a study of the problem can be reduced to the study of a two-dimensional, area preserving Poincar6 map. In 
this way techniques from dynamical systems theory such as KAM theory and the subharmonic and homoclinic Melnikov 
methods can be used. With these techniques we show the existence of a variety of new solutions to the two-dimensional 
Euler equations on an unbounded domain; these include vortex motions that are temporally quasiperiodic, in subhar- 
monic resonance with the linear external velocity field, and chaotic in the sense of Smale horseshoes. We give physical 
interpretations of these motions in terms of exchanges of energy between different components of the total excess kinetic 
energy of the flow field. 

1 Introduction 

In  t w o - d i m e n s i o n a l  i ncompress ib l e  inviscid flow, the vor t ic i ty  d i s t r ibu t ion  comple t e ly  deter-  
mines  the f low field as descr ibed  by  the B io t -Sava r t  law (Batchelor ,  1968; Saf fman  and  Baker ,  
1979). Hence ,  a f u n d a m e n t a l  u n d e r s t a n d i n g  of  vor tex  d y n a m i c s  (or equ iva len t ly  vor tex  in te rac t ion  
process)  is i m p o r t a n t  for  u n d e r s t a n d i n g  the flow dynamics .  The re  are  m a n y  flows which  can  be 
m o d e l e d  by  a single or  mul t ip le  n u m b e r  of  discrete  vor t ices  (see, e.g., Roshko ,  1976; J imenez,  1987; 
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McWilliams, 1984; Moore and Saffman 1975; Saffman and Schatzman, 1982). If the vortices are far 
apart (so that vortex merger does not occur), one can study the dynamics of the vortices from the 
point of view of deformations of individual vortices around their centroids through the influence of 
itself and the other vortices. 

In a Lagrangian frame which translates with and rotates around a vortex blob centroid, the 
vortex blob configuration is changed by the influence of the self-induced velocity field and the 
external flow field, i.e., the local fluid particle velocity relative to the centroid. The first order 
approximation to the external flow field is a linear flow field around the centroid which is 
composed of straining and rotational effects. The straining flow field is described by two para- 
meters, (7, ~), where 7 is the strength of the straining effect and ~ is the inclination of the straining 
axis with respect to the Lagrangian coordinate frame. The straining flow field, which is irrotational, 
is caused by vortex interaction with other vortices and boundaries. The rotational flow, or 
background vorticity effect, is described by a parameter mR and is strictly due to the rotation of the 
Lagrangian frame around the centroid, because of assumptions on the discrete vortex. In this 
paper, we are concerned with vortex motion in an arbitrary external linear flow field. We consider 
elliptical regions of uniform vorticity distribution (uniform elliptical vortex, referred to as a "UEV" 
henceforth). 

1.1. Historical background 

The dynamics of a UEV in no external flow field were first formulated by Kirchoff (1876) who 
found that a UEV of any aspect ratio (i.e., ratio of semi-major to semi-minor axes) rotates around 
its centroid with a constant angular velocity, while preserving its aspect ratio (see also Lamb, 1932). 
Moore and Saffman (1971) showed that in a steady pure straining field, or in a steady simple shear 
flow, there exist steady UEV configurations. For a UEV in a steady, pure straining field, the steady 
UEV configuration exists with its semi-major axis aligned at an angle ~ of re/4 to the straining axis 
as long as the ratio of the straining 7 and the UEV vorticity rate e)E, i.e., 7/toE, is less than 0.15. For 
a UEV in a steady simple shear flow, the steady UEV configuration exists as long as the shear 7' 
and the UEV vorticity rates, i.e., 7'/e)E, are less than 0.21. 

The equations for the UEV motion in steady external linear flow fields were first obtained by 
Kida (1981) as a set of two dimensional ordinary differential equations for (t/, 0), where t/ is the 
aspect ratio of the ellipse, and 0 is the inclination angle of the semi-major axis of the ellipse with 
respect to the Lagrangian coordinate frame. The solutions of Kida's equations correspond to exact 
solutions of Euler equations. Kida also gave a bifurcation diagram in terms of the parameters 
(coR/~oe, 7~toE) that described the possible solutions to his equations, where coR = 2(7 + y'). Neu 
(1984) reformulated the equations for the UEV motion as a Hamiltonian system. However, the 
transformation to the Hamiltonian system that Neu adopted involves scaling of the time variable 
by (t/2 - 1)/~/, which means that the solutions given in the Hamiltonian system do not correspond to 
the UEV motion in a time-wise sense. This becomes a significant obstacle when we consider the 
UEV motion in time dependent external linear flow fields. Related work that considers the 
dynamics of UEV's in time-periodic strain rate fields can be found in Bertozzi (1988), although this 
work is in a non-Hamiltonian setting. 

This paper is outlined as follows, in Section 2 we show that Kida's equations for the UEV motion 
hold in any time dependent external linear flow field described by three variables (7(t), ~(t), OJR(t)) 



In order to facilitate techniques form dynamical systems theory, we transform the equations for the 
UEV motion into Hamiltonian from (see Melander et al., 1987) in such a way that time is not 
rescaled by the dependent variables. In Section 3 we recover the bifurcation diagram given by Kida, 
and give a complete phase plane analysis showing all possible solutions. We then described these 
motions in terms of energy transfer. In Section 4 we consider the motion of UEV's in unsteady 
external linear flow fields. In this case fundamentally new types of dynamics are possible; including 
chaotic motion of the vortex boundary as well as transitions between oscillating, rotating, and 
elongating motions. 

2. Coordinates and equations of motion 

We consider a UEV whose centroid is located at the origin of the Lagrangian frame denoted by 
(x, y) with z = x + iy. The semi-major axis, a, a semi-minor axis, b, of the ellipse define a UEV fixed 
coordinate system denoted by (X, Y ) with Z = X + iY .  The angle, 0, between the semi-major axis 
and the x-axis is referred to as the inclination (or tilting) angle of the UEV and provides the relation 
between two coordinate systems (x, y) and (X, Y) as follows 

x = R ( O ) X  z = e l ° Z ,  (1) 

where 

¥ y 

 cos0 sin0) 
x =  , x =  R ( 0 ) =  

y Y ' \ s i n 0  cos0 " 

In Fig. 1 we illustrate the coordinates. 
The ratio q = a/b is referred to as the aspect  ratio of a UEV and is, by definition, greater than 

unity. We note that the values q = 1, ~ correspond to a uniform circular vortex (Rankine vortex) 
and a vortex sheet, respectively. The area of the UEV A = gab  and the total circulation F = ~oEA 
are invariants in the flow where the subscript "E" refers to ellipse. We define the mean core radius, 

× 
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Fig. 1. Coord ina tes  associated with a UEV. 
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A, o fa  UEV to be the radius of a circle with center at the center of the UEV that encloses a region of 
area A, i.e., A = nA 2. The UEV configuration is uniquely defined by (r/, 0) for 11 >~ 1 and 0 ~< 0 < ft. 

Now we want to give a brief account  of the derivation of the equat ions of mot ion  of a UEV. As 
ment ioned  earlier, a derivation of the equations for UEV's  in constant  linear velocity fields can be 
found in Kida (1981) and Neu (1984). Here we will merely outline the steps and point  out the place 
in the derivation where it is apparent  that  the external, linear velocity field may be time dependent.  

Any linear external flow field can always be decomposed  into two components  i.e., strain and 
rotation, that  are described by three parameters  (7, ~, mR) where 7 is rate of strain acting along the 
strain axis (xs - ys in Fig. 2) with rotat ion angle ~ with respect to the Lagrangian axis (x - y), and 
mR is the rotat ion rate. In Fig. 2 we illustrate the streamlines (assuming 7, ~ and mR constant) 
induced by these two velocity fields individually. 

The velocity field inside the UEV is the sum of the velocity field due to the elliptical vortex 
distribution and the linear velocity field and has the form 

f¢ ~- feE "~- XS -4- XR = U(tl, O; (DE; 7, 0~, (I)R)X , (2) 

where 

U(tl'O;m~;V'~'mR)-- fT ~- i R(O) - 1  0 

mR( 0 1) (3) 
+ 5 -  -1 0 

The first term represents the velocity induced by the UEV (inside and on the boundary  of the 
UEV), the second term represents a linear strain field, denoted by a subscript "S", and the third 
term represents a linear vorticity field or rotation, denoted by a subscript "R". The impor tant  
feature here is that  the total velocity field ~/depends linearly on the space variables x. Note also that 
7, ~, and mR may be time-dependent. Although total vorticity is an invariant in the flow, mR can be 
t ime-dependent  by rotat ing the Lagrangian frame with respect to the absolute coordinate  system. 

The equat ion for the curve bounding  the UEV (i.e., the equat ion for an ellipse) with semi-major 
axis inclined at an angle 0 with the horizontal  can be expressed as follows 

xT E(q,  O; A )x  = 1, (4) 

YsY 

Fig. 2. Streamlines induced by the (a) linear external straining fields and (b) the linear external rotational field. 
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where the matrix E(q, 0; A) is defined by 

1 (1/q O)R(_O)" (5) E(tI, O; A ) = --~ R(O) 0 rl 

For an ideal fluid, vorticity at any point is convected by the local velocity at that point. Hence it 
follows that 

D D(xTE(q ,O;A)x) ~-~1 =0,  (6) 
Dt 

where D/Dt is the usual material derivative. Carrying out the differentiation of (4) and substituting 
(2), (3), and (5) into the result gives 

xT(/~ -t'- UTE + E U ) x  = 0, (7) 

which is satisfied by requiring 

IE + UTE + E U  = 0. (8)  

In (7) we see very clearly the important role played by the linearity of the velocity field in the space 
variables. Writing out (8) explicitly in matrix form gives the following equations 

1 t/2 0 - -  q q +  + r  t / - -  

A 2 + ~/ (1)(1) 
0 0 q t / + ~  + r  t / - -~  --2pr/ 

where 

1)0 + 0 

t)O o 
= 0, (9) 

(D E (.O R 
P-TCOS2(0-~) ,  q = - - T s i n 2 ( 0 - ~ ) ,  r - -  + - -  

t / + l  2 

We see very clearly that there are only two independent components of (9). The reason for this is 
that symmetry and incompressibility impose two constraints on UTE + E U. Writing out these two 
independent equations gives 

7i 
dO ¥ 

og~r/ 
(r/ + 1) 2 

\ 
27(t)r/cos 2 [0 - a(t)] \ 

7(t) q - ~ l l  sin 2[0 - ~(t)] + - ~  ) '  ~/ - -  

(10) 

where we have explicitly indicated the possible time-dependence of y, a, and 09R. 
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2.1. The Hamiltonian structure 

The global analysis of the dynamics of (10) is greatly facilitated if we can put the equations in 
Hamiltonian form. For the case of 7, ~, and mR constant Neu (1984) showed that by rescaling time 
as follows 

dz t/2 
dt m R  /72 _ 1' (11) 

(10) could be written in the form of Hamilton's canonical equations, i.e., 

dq 8H dO 8H 
- -  = - (12) 
dr c30 ' dr Or/' 

where 

- -  ( ~ )  1 O)at/2 + 1 
H = log  (1 +/I//)2 0)E7 r / -  sin 2(0 - e) + 2 mr r/ (13) 

Unfortunately, when we want to consider the situation where y, ~, C0R vary in time this form of the 
equations poses severe difficulties since the "time r" in (12) giving the time evolution of r/and 0 is 
not homogeneous in the physical time. 

However, it is possible to transform the system into Hamiltonian form in such a way that this 
problem does not occur. We first non-dimensionalize the parameters by letting 

(t/, cq e)R)~--, (O, ~, ~ C ) ( 7  (OR) = , ~ , -  , (14) 

and then we let 

(I' qL z)= ( (r/ - 1)2r/' 20, 2toe t )  . (15) 

I corresponds to the self-induced angular momentum of the UEV in the absence of the external 
linear flow field, and q~ represents the inclination of the UEV in a way that does not distinguish the 
fact that the UEV configuration is unchanged by a 180 ° increase of 0. In these coordinates the 
equations take the following form 

d/ o +4, cos(  
dq) = 1 I + 2  . [ c~'~ = OH ' 

~r 2--- -s in  qo--- 
-~z I + 4  x f ~  + 4I ~ 2 )  + -~  

where 

H(I ,  qo; a, ct, ~c) = He( I )  + Hs(I,  (p; a, ~) + Ha(I ;  ~c), HE(I) = l o g ( / +  4), 

K 
Hs(I ,  ~o; a, e) = - trV/] 7 + 41 sin (~o - ~/2), HR(I; ~) = -~ I. 

(16) 

(17) 
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The Hamil tonian  H can be interpreted physically as the total excess kinetic energy of the flow field 
with HE, Hs, and HR being the contr ibut ions from the UEV, linear external strain, and linear 
external rotation,  respectively. This decomposi t ion  will be useful in that  it will allow us to give 
a description of the UEV mot ion  in terms of "energetics". 

In some cases the analysis of (16) is more  straightforward if we use another  set of canonical 
variables, (6, 0 ,  which are the cartesian coordinates of the polar coordinates defined as follows: 

(6, { , - c ) = ( x / ~  cos ~o, , , / ~  sin ~o, ~). (18) 

This coordinate  t ransformation also has the advantage of eliminating the singularity at I = 0. 
Accordingly, the equat ions of mot ion  in these variables have the form d) a (62 + 2ff 2 + 8) cos (~/2) - 6~ sin (~/2) ~: 

2 62 .qt_ ~2 ..{_ 8 2 x/62 + ~2 q_ 8 
26 a 6{ cos (c~/2) - ( 2 6 2  -k ~2 ~_ 8) sin (~/2) 

62 + ~2 + 8 2 ,,/62 + {2 + 8 
K 

= - - ~ -  

~?H ' 
-b-g 

(19) 

with the Hamil tonian  function given by 

H(6, ~; a, ~, ~c) = HE(6, ~) + Hs(6, ~; a, ~) + HR(6, ~; ~c), 

Hs(6, ~; a, c~) _ a ~2 ( O~ . O~ ) 2 ``/62 + + 8  ~ c o s ~ - 6 s m ~  , 

62 + ~2 + 8 ) 
He(a, {) = log 2 ' 

K 
HR(6, ~; K) = ~ (a 2 + ~2). (20) 

3. UEV dynamics in time-independent linear velocity fields 

In this section we describe the dynamics of the UEV when the parameters a, ~, and ~c are constant  
in time. Without  loss o f  generality we can take ~ = 0 by choosing the Lagrangian frame axes to be 
aligned with the steady straining axis. The main reason for presenting this section on UEV 
dynamics in t ime-independent  linear velocity fields is for completeness, as the focus of this work is 
on the situation of UEV's  in unsteady linear velocity fields. The phase space structure in the steady 
case will form the basis for our  analysis of the unsteady case as many  of our  arguments  will be 
perturbative in nature where we consider t ime-dependent  per turbat ions of steady linear velocity 
fields. 

In particular, we are interested in all possible solutions to equat ions (19). These equations 
depend on the two parameters  a and ~c, and as these parameters  are varied we would expect 
bifurcations of solutions to occur. As ment ioned  earlier, both  Kida (1981) and Neu (1984) have 
analyzed the steady case. However,  our  work on UEV's  in unsteady linear external velocity fields 
requires us to extend their work in certain modes t  ways. In particular, Kida gives a bifurcation 
diagram in the tc - e plane (in his notation,  the 2y/~o - e/e) plane), however, he does not  describe 
the different possible phase portraits.  On  the other hand, Neu gives phase portraits,  however he 
does not  consider the effects of an external linear vorticity field. In our terminology, this means he 
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takes K = 0. Thus our work fills in certain gaps in this area and we go further in describing the 
different possible motions as an interchange of different parts of the total excess kinetic energy. This 
latter feature will illuminate our results in the unsteady case. 

3.1. Dynamics and bifurcations 

In this section, we present all the possible solutions of (19) in the ~ - ~ phase space as a function 
of the parameters (•, a). Because the system is autonomous and Hamiltonian, the solution curves in 
the 6 - ~ phase space are given by the level curves of the Hamiltonian function (H). We begin by 
discussing the typical orbits in the 6 - ~ phase space, and then consider the solution structure and 
bifurcations in relation to the parameter  values. 

We show that the possible motions, for any parameter  values, are one of the following: 
(i) fixed points, 

(ii) periodic orbits, 
(iii) homoclinic orbits, 
(iv) orbits connecting a hyperbolic fixed point to infinity, 
(v) unbounded orbits. 

Now we describe the solution structure in the 6 - (  phase space corresponding to different 
parameter  values (K, a). The bifurcation diagram is given in Fig. 3. 

The curves S +, G-+, I ~, I + U + S, and R in Fig. 3 are called bifurcation curves and define the 
boundaries of the regions in the (K, G) plane corresponding to topologically distinct UEV motions. 
We will not derive explicit formulae for these curves here, the reader should consult Kida [1981] or 
Ide [1990]. Note that the bifurcations on G + and U -+ are associated with the singularities at I = 0 
in (16) and they are not bifurcations in the ~ -  ~ phase space in the sense usually discussed. 
However, since the UEV motion exhibits qualitatively different dynamics upon crossing these 
curves, we treat them as bifurcations. 

In Fig. 4 we show the "metamorphoses" of phase portraits corresponding to the numbers in 
Fig. 3 that occur upon crossing the bifurcation curves. 

We now give a brief description of the dynamics near the bifurcation curves S +, G +, 1 1 , 1 2 ,  + + U + 

and R. The dynamics near S- ,  G - , 1 1  and 12 are easily obtained by noting that Eqs. (19) are 
unchanged under the change of variables (3, ~, a, ~c) ~ ( -  6, - (, - a, ~). Thus the phase portraits 
corresponding to the point (~, - a) correspond to the phase portrait at the point (•, a), but rotated 
180 ° . 

S +: Hamiltonian Saddle-node bifurcation. This is a standard bifurcation. 
G + : Global bifurcation at the origin. As we pass G + from above to below the homoclinic orbit 

crosses the 6-axis and encircles the origin of the 6 - ( phase space as shown in Fig. 4. This has 
important  dynamical consequences for the UEV motion that we will discuss in the next section. 

I +: Bifurcation at infinity on the positive (-axis. The hyperbolic fixed point moves to infinity and 
disappears. 

U + : Bifurcation at the origin for the elliptic f ixed point. As we cross U + from above to below the 
elliptic fixed point moves from the positive (-axis to the negative (-axis. We will discuss the 
dynamical consequences of this in the next section. 

I ]  : Bifurcation at infinity on the negative (-axis. As we cross I~- from above to below an elliptic 
fixed point is born at infinity on the negative (-axis. 
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+ S + G + o 0 12 I~ 

213 

16 + 

'~+ "~,,~+~/++__. + 

9• 13+ U U+ 18 1 20 ~ 22 

13- 

I ~0 - .5 

1 / -  

16- 

~- s -  G-  ~; 

Fig. 3. The bifurcation diagram. 

S +" below I~:  Saddle-node bifurcation on a periodic orbit. 
U - : Bifurcation at the origin for an elliptic f ixed point. 
R: Rin9 bifurcation. As we approach  R from above, an elliptic fixed point  moves toward  the 

origin while both  the inner homoclinic orbit (IHO) and the outer homoclinic orbit  (OHO) coalesce 
and turn into a circle of fixed points inside which the elliptic fixed point  disappears as shown in 
Fig. 4. 

3.1.1. Interpretation of  phase space dynamics and bifurcations in terms of  
the motion in physical space 

Having described the solution of (19) in the 6 - ~ phase space as a function of the parameter  
(K, a), we now interpret these solutions in terms of the UEV motion.  

The bifurcation analysis was most  easily performed in the 6 - ~ coordinate  system. However,  for 
describing the mot ion  of the UEV in physical space it will often be more  clear to return to either the 
(r/, 0) coordinates or the (I, q~) coordinates. Recall from the discussion of the different coordinate  
systems in the previous section that  0 = ~p/2, q = a/b, and I = ( r / -1)2/q  with (6, () = ( x / ~  cos ~0, 

x / ~  sin ~0). We make  the impor tan t  remark that  all rescalings of t ime were by constant  factors. 
This will be significant when we consider time dependent  external velocity fields. Since the UEV 
dynamics can be unders tood  as the change of UEV configuration (r/, 0) and/or  mot ion  of a point  at 

the tip of UEV semi-major axis (x//-~, 0), we first define the terminology for two main features of 
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UEV dynamics in terms of the rate of change in (I, q~). We call dI/dr the deformation rate of the 
vortex shape and note that dI/dr > 0 implies dr//dr > 0 which corresponds to elongation of 
a UEV. Similarly, dI/dr < 0 implies dt//dr < 0 which corresponds to contraction of a UEV. 
Additionally, we refer to dq0/dr as the modified angular velocity of the semi-major axis. In general, 
we can have do/dr > 0 or do/dr < 0 corresponding to counterclockwise (c-c) motion or clockwise 
(c) motion, respectively. 

We next describe the five typical orbits described in the previous section in terms of UEV motion. 

crossing S + 

crossing S + 

17 + 6 + ~ ~ 1 5  • 

crossing I 1 + 

cr°ssing I2+ ~ \ \ ~ / / , 2 .  

crossing 12+ ~ ,  ~ 

crossing I2 + 

~ 5 L 5  + b 0 + 5÷ 

Fig. 4. (Continued). 



K. Ide, S. Wiggins/Fluid Dynamics Research 15 (1995) 205-235 215 

crossing G + 

~ - ~ 3 +  + + 

crossing G + 

crossing U- 

17 + 18 ~ [ ~  17- 

crossing U + 

X •  i + I- 

crossing R 

Fig. 4. Phase portraits in the different regions of the bifurcation diagram. Phase portraits labelled 9, 11, 19, and 21 lie on 
the intersection of two bifurcation curves and are, thus, combinations of those particular two bifurcations. 19 corres- 
ponds to the birth of a fixed point at the origin that immediately expands into a circle of fixed points (as parameters are 

varied). 20 corresponds to this circle of fixed points disappearing at ~ .  

(i) A fixed point corresponds to a steady UEV which does not change its configuration (~/, 0) for 
all time. A hyperbolic fixed point (an elliptic fixed point, resp.) corresponds to an unstable (stable, 
resp.) steady UEV. Any UEV whose initial configuration (IC) is slightly shifted from a stable steady 
UEV configuration undergoes a periodic Oscillatory motion with small change in its configuration, 
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which corresponds to a periodic orbit a round the elliptic fixed point, as we will see in (2). This may 
not be the case for a UEV whose IC is slightly per turbed from an unstable steady UEV 
configuration. Since all the fixed points in the 6 - ~ phase space exist only on the ~-axis, a UEV can 
be steady only at special inclination angles that  are easily computed  and found to be 
0(=- 99/2) -- re/4 and 0 (=  ~0/4) = 37t/4. 

(ii) The periodic mot ions  of the UEV can be classified into six distinct types depending on (1) the 
direction of mot ion  and (2) whether  or not the periodic orbit contains the origin (in the 6 - ff plane) 
in its interior. If the origin is not contained inside the interior of the periodic orbit then the angle 
~p cannot  exceed 2ft. This periodic mot ion  is referred to as oscillation. If the origin is contained in 
the interior of the periodic orbit, then ~0 can increase or decrease through 2rt, and the resulting 
periodic mot ion  is referred to as rotation. In the case of a periodic orbit passing through the origin, 
the angle ~o becomes undefined at the origin. This critical periodic orbit is special in that  it separates 
oscillation from rotation. We refer to it as a periodic boundary  orbit (PBO). 

Hence the six types of periodic mot ions  are: 
(a) Oscillation about  0 (=  q~/2) = ~t/4. In this case the tip of the semi-major axis of the UEV 

moves along a closed curve in a counter-clockwise sense. 
(b) Rotat ion in a counterclockwise sense. 
(c) Counterclockwise periodic orbit passing through the origin. 
(d) Oscillation about  0 (=  ~p/2) = 3~z/4. In this case the top of the semi-major axis of the UEV 

moves along a closed curve in a clockwise sense. 
(e) Rotat ion in a clockwise sense. 
(f) Clockwise periodic orbit passing through origin. 
(iii) A homoclinic orbit corresponds to a UEV mot ion  which asymptotically approaches an 

unstable steady state in positive and negative time. The mot ion  is said to be rotat ional  or 
oscillatory depending on whether  or not the orbit encloses the origin of the 6 - ~ phase space. 
Fur thermore,  homoclinic orbits define boundaries  separating regions of qualitatively distinct 
UEV motions.  If IHO (inner homoclinic orbit) is the only homoclinic orbit  in the 6 - ~ phase 
space, then it divides the 6 - ff plane into an interior region corresponding to a (c-c) periodic 
mot ion  and an exterior region corresponding to irreversible elongation which we discuss next. 
When both  I H O  and O H O  (outer homoclinic  orbit) exist in the 6 - ~ phase space, for some values 
of (~:, o-), they define the boundaries  of three regions: the interior of IHO ((c-c) periodic motion), the 
region bounded  by IHO and O H O  ((c) periodic mot ion  and the exterior of O H O  ((c) periodic 
motion). 

(iv) The orbits connecting the hyperbolic fixed point  to infinity, i.e., the branches of the stable 
and unstable manifolds of the hyperbolic fixed point  that  do not belong to a homoclinic orbit, 
correspond to irreversible contract ion of the UEV (on the stable manifold) along the contract ion 
axis 0¢ and irreversible elongation of the UEV (on the unstable manifold) along the elongation axis 
0e where 

0c = re/2 - s in-  1 (~c/2a), 0e = s in-  1 (~c/2a). 

(v) U n b o u n d e d  orbits correspond to irreversible elongation of the UEV along axes fixed at the 
angles 0c and 0o. These orbits are classified into two types depending on the direction of elongating 
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motion,  i.e., (c-c) elongat ion and (c) elongation. The boundaries  of these two regions are defined by 
certain orbits described as follows. 

Case 1: The origin of the 6 - ~ phase space is not  enclosed by a homoclinic  orbit. An unbounded  
orbit  which goes through the origin defines the boundary  as shown in Fig. 4. 

Case 2: The origin of the 6 - ~ phase space is enclosed by a homoclinic orbit. The branches of the 
stable and unstable manifold of the hyperbolic fixed point that go to infinity define the boundary.  

The orbits which define the boundary  are called unbounded  boundary  orbits (UBO's). The 
unbounded  orbits above UBO's  in the 6 - ~ phase space correspond to (c) irreversible elongation 
and the unbounded  orbits below UBO's  corresponds to (c-c) elongation. 

3.2. The motion o f  an UEV in physical space and its description in terms o f  
the excess kinetic energy decomposition 

The UEV mot ion  for a given initial configuration (Io, q)o) and an external linear flow field 
(O-, ~, ~c) = (O-o, % = 0, too) conserves the total excess kinetic energy H of the entire flow domain.  In this 
section, we discuss the decomposit ion of H into HE, Hs and HR as described in the first section and 
describe how the external flow parameters (K, o-) influences the UEV dynamics in terms of these three 
components of kinetic energy. Fig. 5 shows the level curves of HE, Hs and HR in the 6 - ~ phase space. 

Because the time variable ~ is normalized by the UEV vorticity mE, the sign of the Hamil tonian  
functions Hs and HR corresponds to the direction of the mot ion  induced by each effect. For  
example, if Hs > 0, then the corresponding mot ion  induced by the straining effect is in the same 
direction as the self-induced motion,  i.e., d~o/drls > 0. Similarly, Hs > 0, then the corresponds to 
dqg/d'cls < 0. Note  that  every level curve of HE is circular, and HE has its m in imum at the origin 
(I = 0 )  with HE(0)=  log4. This results in all periodic mot ion  being (c-c) rotat ions when 
•o = ao = 0. In Fig. 5, which shows that  the level curves of Hs, q) -- 0 and ~0 = rc correspond to 
contract ing and stretching axes of the straining field, respectively. Hs is negative for 0 < q~ < zt 
because the flow field induced by the straining effect acts against the self-induced mot ion  (i.e., the 
induced flow field is in clockwise direction). Hs is positive for rc < q9 < 2re because the induced flow 
field is in the same direction as the self-induced motion.  The straining effect is most  effective on 
~0 = rr/2, 3re (i.e., a level curve of Hs is tangent to a level curve of HR on those axes). 

Any level curve of Hs is circular as is shown in Fig. 5. If ~Co > 0 (i.e., Hs > 0), then the flow field 
induced by the background  vorticity is in the same direction as the self-induced motion.  Hs has one 
min imum at I = 0, and all the corresponding mot ions  are (c-c). Similarly for ~Co < 0, HR is negative 
with one max imum at I -- 0, and all the corresponding mot ions  are (c). 

The asymptot ic  behavior of He, Hs and HR for I ,~ 1 and I >> 1 can easily be deduced from (17) 
and is as follows 

/£o HR = ~-  I. (23) 
Z 

log4  + ¼I, 1 4 1 ,  
HE "-~ (21) 

log I, I >> 1, 

Hs ~ - 2O-o x ~  sin ~0, I ~ 1, (22) 
- O-o I sin q), I >> 1, 
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Fig. 5. Level curves of HE, Hs, and H~ in the 3 - ~ phase space. 

For  1 ~> 1 the UEV dynamics (i.e., vortex sheet dynamics) is domina ted  by the external flow 
field. Let us first consider the mechanism for irreversible elongation. Irreversible elongation 
occurs when Hs dominates  HR for I ~> 1. This is possible only for Oo >i 1t%1/2. Another  way 
of unders tanding irreversible elongation is as follows. On the elongation axis for I ~> 1, a 
UEV deforms without  change in q) i.e., change in I does not  affect H al though change in ~0 
does affect H since OH/OI = 0 and ~H/~o ~ 0 on the elongation axis. Note  that  if HR domin-  
ates Hs for I ~> 1 (i.e., [~c0[ / />  o-0), then the UEV undergoes periodic rotat ion with a large 
aspect ratio. 

We only ment ion  here that  the bifurcations occurring on S +, I ~, 2, U +- and R can be explained in 
terms of the balance of excess kinetic energy. A complete discussion of this can be found in Ide 
(1990). 

We now give a qualitative discussion concerning how the three components  of the excess kinetic 
energy interchange during the evolution, while conserving the total excess kinetic energy, for 
a given external flow field (~Co, Oo). F r o m  (17), we have 

d d 
d H=O HE+~Hs+-~rHR, (24) 
dz 

where each of the rate of change in kinetic energies is evaluated on an orbit defined by a constant  
H curve. Since every orbit is symmetric a round  q~ = rr/2 and azrc for any parameter  0Co, ao), we only 
need to consider the case - ~/2 < q~ < re/2. The qualitative behavior of each componen t  of kinetic 
energy along the different types of orbits are described as follows; 

(d/dz) H~ 

> 0 on IHO, 

d < 0 on O H O  
d--z HE > 0 on (c-c) periodic orbit, 

< 0 on (c) periodic orbit. (25) 
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(d/dz) HR 

> 0  

< 0  

d < 0  
d--~ HR > 0 

< 0  

< 0  

(d/dz) Hs 
< 0  

< 0  

d > 0  
d--~ Hs < 0 

> 0  

< 0  

with 
- ( 4  + 

I ° =  0, 

on IHO for ~Co > 0, 

on IHO for ~Co < 0 

on O H O  

on(c-c) orbit for ~Co > 0, 

on (c-c) orbit for Ko < 0, 

on (c) periodic motion. 

on IHO, 

on (c-c) orbit 

on O H O  for I < Io 

on O H O  for I > Io 

on (c) orbit for I < Io 

on (c) orbit for I > Io. 

2/Ko), if Ko < - ½, 
otherwise. 

A detailed discussion can be found Ide (1990). 
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Fig. 6. Plots of (d/dz)HE, (d/dr)Hs and (d/dz)Ha for three different type of unperturbed orbits. All integrations are 
started on the ( axis at the points indicated in the respective figures. (a) (ao, fco)= (0.05,0), (b) (ao, t%)= (0.05,0), 

(c) (Oo, ~Co) = (0.05, -- 0.15). 
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Fig. 6. (Continued). 

We note from (21)-(23) that (d/dz)He dominates (d/dz)HR for I < Io and (d/dz)HR dominates 
(d/dz)HE for I < Io. (d/dz)Hs balances the difference of (d/dr/)HE and (d/drl)Hg. Some typical 
behaviors of (d/drl)He,(d/dz)Hs and (d/drl)HR are shown in Figs. 6a, b for parameter values, 
(ao, Xo) = (0.05, 0) corresponding to region 3 ÷ in Fig. 3. This phase portrait corresponding to these 
parameter values contains (c-c) periodic orbits (corresponding to oscillation and rotation), and 
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an inner homoclinic orbit. Fig. 6c is for (tro, x0) = (0.05, -0.15) corresponding to region 13 + in 
Fig. 3. The corresponding phase portrait includes (c) periodic orbits. 

We will see later when we introduce the Melnikov technique that the rate of change in Hs and 
HR are important for understanding the UEV dynamics in unsteady external flow fields. 

4. UEV dynamics in time-periodic linear velocity fields 

We will now consider the dynamics of UEV's in time-periodic, linear velocity fields. In particular, 
we let 

a(z) = Oo [1 + e~ sin ~2(z + r~)], ~(z) = e, sin f2(z + ~,), 

K(z) = Xo[1 + e~ sinf2(z + r~)]. (29) 

where e~, e,, e~ are perturbation amplitudes with e representing small perturbation parameter, and 
z~, "ca, z~ are phase shifts for each perturbation type. The equations of motion will take the form of 
a time-periodically perturbed, one and a half-degree-of-freedom Hamiltonian system. Such systems 
have received intensive study in the dynamical systems community over the past 15 years and 
therefore a variety of techniques are at our disposal. In particular, since the equations are time 
periodic with period 2n/O, we will study the dynamics by studying the associated Poinearb map, i.e., 
the two-dimensional area-preserving transformation (1(O),O(O))~--~(I(2n/f2),(9(2n/f2)) or 
(6(0), ~(0)) w-~ (c~(2n/(2), ~(2n/12)). I t  is important to note that ao and ~Co are not allowed to lie on the 
bifurcation curves I ~(, I ~, S + and R in Fig. 3. In such cases the standard Melnikov method would 
not apply immediately. 

We begin by considering certain solutions of (19) in the steady case, i.e., where a, ~c, and ~ are 
constant, and discussing what becomes of them under the time-periodic perturbation. 

Fixed Points: It is a standard result that for sufficiently small Hamiltonian perturbations, elliptic 
fixed points and hyperbolic fixed points remain as fixed points in the perturbed Poincar6 map 
without changing their stability type. In the continuous time system, these are periodic orbits of the 
same stability type with period 2n/f2. These small amplitude periodic UEV motions generated from 
the fixed points in the unperturbed flow are usually small oscillation, and very rarely rotation, 
except when the perturbed periodic orbit encloses the origin of 6 - ~ coordinate system (which may 
occur for parameter sets near 18 +, 19 +, 20 +, 21 + and 22 + in Fig. 3) 

Periodic Orbits: Let T n = 2n/f2 n denote the period of an unperturbed periodic orbit. For the 
unperturbed Poincar6 map this periodic orbit is manifested as an invariant circle. We define the 
rotation number, denoted p, of this invariant circle as 

p = T n / T ,  (30) 

where T =- 2n/f2 is the period of the perturbation. For the perturbed Poincar6 map, there are two 
types of dynamics depending on p: 

p = m/n = rational, where m and n are relatively prime integers: In this case, during m iterates of 
the unperturbed Poincar6 map, every orbit on the invariant circle makes n complete revolutions 
along the circle and returns to its original position. Under the perturbation, this invariant circle will 
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generically break up into a resonance band. The subharmonic Melnikov method (Wiggins, 1990) 
will be applied to study this situation. 

p = irrational: In this case, any orbit on the invariant circle never returns to its original position, 
i.e., the orbit densely fills out the circle. Under the perturbation the invariant circle will typically be 
preserved as a KAM torus or possibly a cantorus, provided the twist condition is satisfied. These 
are quasiperiodic motions that fill out a circle and Cantor set, respectively, see Wiggins (1992). The 
UEV motion on a KAM torus is much the same as the similar unperturbed motions in the steady 
linear external velocity fields. 

Homoclinic and Heteroclinic Orbits: These will generically break up to form transversal homoc- 
linic and heteroclinic orbits. Associated with transversal homoclinic orbits are chaotic dynamics in 
the sense of 5 male horseshoes. If the transversal heteroclinic orbits actually form a heteroclinic 
cycle, as they do on a resonance band, then Smale horseshoes may also be constructed. Melnikov's 
method can be used to study this situation. Nearby unbounded orbits may also be created, such 
orbits may correspond to bounded orbits in the absence of time dependence. 

Unbounded Orbits: The behavior along these orbits is qualitatively the same for the unperturbed 
and perturbed systems. 

In the following, we consider UEV dynamics whose corresponding original unperturbed orbits 
are periodic and homoclinic orbits. In Sections 4.1 and 4.2 we give qualitative discussion of the 
solution of perturbed system and corresponding UEV motion, which is followed in Sections 4.3 
and 4.4 by a description of the analytical results that allow us to prove these assertions as well as 
a discussion of the physical implications using the Melnikov methods. 

4.1. UEV dynamics associated with resonance bands 

4.1.1. The creation of resonance bands and typical UEV dynamics 

When the time periodic perturbation is imposed on a periodic orbit, the unperturbed invariant 
circle with resonance relation m~2 n = n~  may break up into 2ml period m points where ! is some 
integer that may depend on the geometry of the unperturbed orbit and the perturbation functions 
(Ide, 1990). Generically, of the 2ml period m points, ml are hyperbolic period m points and ml are 
elliptic period m points that are e-close to the unperturbed invariant circle and alternate in stability 
type as one traverses the invariant circle. The stable and unstable invariant manifolds of the 
hyperbolic period m points generically intersect transversely and form heteroclinic tangles that 
surround the neighboring elliptic period m points. This results in a chain-like structure, the 
so-called resonance band of order m/n (henceforth referred to as "RB m/n"). 

The existence of RB m/n is proven for n = 1 using ~0(e) Melnikov methods in Section 4.3 and 4.4. 
2ml period m points of RB roll represent periodic UEV motion with period 2~m/Q in the 
continuous time system. If the orbit corresponding to the UEV motion is contained in RB m/l, 
then the UEV typically oscillates (or rotates) with a fairly large fluctuation amplitude from 
its original unperturbed motion. The UEV motion can also be chaotic if the corresponding 
orbit lies in the chaotic Cantor set associated with the heteroclinic tangles of RB m/1. In Fig. 7 we 
give an illustration of the resonance bands and associated heteroclinic tangles for the Poincar6 
map. 
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Fig. 7. Resonance bands and associated heteroclinic tangles for the Poincar6 map. 

4.1.2. Transition dynamics due to RB m/1 alon9 PBO 
Recall that, in a steady external linear flow field, the boundary orbits (i.e., PBO, IHO and 

OHO) in the phase space divide two regions corresponding to qualitatively different types of 
UEV motion, where PBO is a periodic orbit going through the origin of the (6, ~) coordinate 
system ((c-c) PBO for (Ko, O'o) in 1+,3 +, 13 + and (c) PBO for 15 +, 17+). In unsteady external 
flow fields, these boundary orbits may break up and enable an important phenomenon, i.e., 
transition dynamics where the UEV exhibits more than one types of motion during its evolution, 
to occur. There are two mechanisms which cause the transition dynamics; one is RB m/n along 
PBO and the other is homoclinic tangles along IHO and OHO. The transition dynamics along 
the PBO can occur when the origin lies in a RB m/n. Then the orbit may fluctuate in the band 
with large amplitude which represents irregular motion of the UEV flipping its type of motion 
between oscillation and rotation. However, if the origin lies in KAM torus or cantorus, then 
the UEV motion is regular and there exists no transition dynamics between oscillation 
and rotation. 

4.2. UEV dynamics along homoclinic tangles and heteroclinic cycles: 
chaos and transition dynamics 

As a result of the break-up of homoclinic orbits (homoclinic tangles in Poincar6 map), two 
new important  dynamics now become possible; one is associated with Chaotic cantor sets and 
the other is the due to the so called "turnstile mechanism" associated with the tangles (see 
Wiggins, 1992). A discussion of the analytical methods for proving the existence of the transversal 
homoclinic orbits for each type of perturbation is left to Sections 4.3 and 4.4. In the regions 
denoted 3+, 4* and 5 + in Fig. 3 where there is only one homoclinic orbit in the phase space, 
there exists chaotic Cantor sets associated with the IHO tangle. In the regions denoted 13 +, 
14 + and 15 + both IHO and OHO co-exist and intersect. In this situation there are chaotic 
Cantor sets associated with IHO, OHO, and with the intersection of the tangles associated with 
IHO and OHO. 

Following Rom-Kedar et al. (1990), we may define a new "boundary" associated with each 
homoclinic tangle using segments of unstable and stable manifolds of hyperbolic fixed points in the 
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Poincar6 map. Then the new boundaries re-define the regions corresponding to two qualitatively 
different types of UEV motion. We first examine the dynamics associated with the chaotic Cantor 
sets. In 3 +, 4 + and 5 + of Fig. 3, the chaotic Cantor set associated with the IHO lies inside the new 
boundary. The corresponding UEV motion is hence chaotic (c-c) rotation for 3+, chaotic (c-c) 
oscillation for 5+, and chaotic (c-c) rotation and/or (c-c) oscillation near 4 + depending on the 
position of the IHO tangle relative to the origin of the c~ - ~ coordinate system. In 3 +, 14 + and 15 +, 
the chaotic dynamics can be more complicated. The chaotic Cantor set associated with IHO lies 
inside the new boundary defined by the IHO tangle and leads to the same type of chaotic UEV 
motion as 3 +, 4 + and 5 + respectively. The chaotic Cantor set associated with the OHO lies outside 
the new boundary defined by the OHO tangle and leads to chaotic (c) rotation for parameter values 
in the regions denoted 13 +, 14 + and 15 +. Dynamics associated with chaotic Cantor sets which 
arise from the intersection of tangles associated with both IHO and OHO exhibits not only chaotic 
motion but also "transition dynamics" which we now discuss. 

Together with chaotic motion, the transition dynamics along the tangles is an important 
phenomenon that arises only when the external linear velocity field is time-dependent. An orbit 
initially lying inside the new boundary may evolve across the boundary via the turnstile mechanism 
associated with the tangle, while another orbit initially outside the boundary may evolve inside of 
the boundary through the same mechanism. A complete discussion of this mechanism can be found 
in Wiggins (1992). What this implies for the UEV motion, in regions 3 +, 4 + and 5 + of Fig. 3, is that 
a contracting UEV may become a (c-c) rotating (oscillating for 5 +, rotating and/or oscillating for 
4 +) UEV, and possibly becoming an elongating UEV at a later time. Once a UEV change its 
dynamics to elongation, the motion is irreversible. 

The dynamics in 13 +, 14 + and 15 + due to the turnstile mechanism can be extremely complex as 
a result of the two intersecting tangles. In region 13 +, the UEV may change its type of motion 
repeatedly among (c-c) rotation, (c) oscillation and (c) rotation. Furthermore, transition dynamics 
can also be chaotic if the corresponding orbit belongs to 1 + and 3 +. In 15 +, the motion may 
alternate among (c-c) oscillation, (c) oscillation and (c) rotation. In 14 +, the motion can include all 
types other than elongation, that is (c-c) oscillation, (c-c) rotation, (c) oscillation and (c) rotation. 
We illustrate these ideas in Fig. 8. 

(a) (b) 

Fig. 8. (a) The turnstile mechanism for transition between regions corresponding to qualitatively different motions. (b) 
More of the homoclinic tangles. 
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4.3. The subharmonic and homoclinic Melnikov methods 

So far our  discussion have been mostly qualitative. In this section we recall the essential aspects 
of the subharmonic  and homoclinic Melnikov methods  that  provide us not  only with mathemat ical  
proofs for the above arguments  but also insights into the underlying mechanisms of the resulting 
UEV mot ion  related to each type of perturbat ion.  Complete  mathemat ical  proofs as well as more  
details can be found in Wiggins (1990). The methods  apply to t ime-periodic per turbat ions of 
one-degree-of-freedom Hamil tonian  systems of the following form 

0Ho E c3H1 
= (x, y) + (x, y, t) + 

c~Ho c~H1 
)~ - 0x (x, y) - e ~-x (x, y, t) + C(e 2) 

or, in a more  convenient  shor thand nota t ion  

(t = JDHo(q) + eJDH,(q ,  t) + C(e2), 

where 

(31) 

(32) 

(33) 

0 1 ) (34) 
J =  - 1  0 ' 

and q - (x, y) with D - (~?/~x, ~?/~?y). The variable pair (x, y) represents either (I, ~p) or (6, (). 
The subharmonic  Melnikov theory is used to study the dynamics near RB m/n. Suppose for e -- 0 

we have a one-parameter  family of periodic orbits on which ( ~ / ~ H ) T n ~  O. Suppose we have 
a periodic orbit, qn(z), for which the following resonance relation holds 

m~2 n = nO. (35) 

We refer to this as a resonant periodic orbit of order m/n and henceforth denote  such orbits as 
qm/n(C). The subharmonic  Melnikov function, denoted M m/'(Co), associated with this orbit is defined 
as follows: 

f 
mT/2 

Mm/'(Zo) = {Ho, H1 } (qm/,(Z), r + Z0)dr, (36) 
, ) -roT~2 

where ro ~ ( -  mT/2, roT~2] is a parametr izat ion variable on the corresponding umper turbed  orbit 
qi"/'(c) and 

{Ho, H1 } ~?Ho ~3H1 0Ho OH1 
=-Ox Oy Oy Ox 

denotes the Poisson bracket  of Ho and Ha. Then the basic theorem of Melnikov tells us that  the 
simple zeroes of M"/"(Co), (i.e., M"/"(Zo) = 0, (~3fi3Zo)M "/" (to) # 0) correspond to the existence of 
period m points of RB m/n with alternating stability type between elliptic and hyperbolic. 

Besides the existence of RB re~n, the Melnikov function M "/"(%) also gives us more  information.  
It can be shown that  Mm/"(Co) is related to the width of the RB m/n, denoted  dm/'(Co,e). In 
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particular, M "/"(To) is the first order term of the width of the band, up to a known normalizat ion 
factor, and is expressed as follows: 

M " / " ( T o )  
dmln('Co, 8) = 8 II DHo(q"l"(-%)) II + O(~2)" (37) 

It should be clear that  d "/" is a measure of the fluctuation in the UEV configuration about  the 
unper turbed motion.  

We now want to consider the global structure of the Poincar6 map  associated with families of 
resonance bands. Suppose we have a family of unper turbed periodic orbits parametrized by 
H ~ (H x, H2), then the corresponding period T n satisfies Tnmin < T n < Tmaxn where TminH = inf 
(T n', T~2), Tnmax = sup (T  ~', T ~2) and (O/~3H)T n ¢: 0 for any H ~ (H1, H2). The corresponding 

H H natural  frequency a n 2rc/T n ranges between O n E  (Omin, (2rc/T n max, min)" If the ~- Omax) = 2rc/T n 
family contains an elliptic fixed point  qe at its center, then T n~n~n = T mq°) = 2~z/Oe where f2~ is the 
imaginary part  of eigenvalues associated with the linearization of the vector field at q~. Moreover,  if 
the family is bounded  by homoclinic orbits, then n T max goes to infinity logarithmically, in other 
words n ~"~min goes to zero, due to the presence of the hyperbolic fixed point  qh. The following results 
are easy to prove; more  details can be found in the thesis of Ide (1990). 

Perturbation frequency range for the existence of  RB m/1. 
We can compute  the per turbat ion frequency range for which RB roll exists as follows. We let 

O7' n m n = m~'2min, ~-~2 = m['2max" (38) 

Then RB m/1 exists only if the per turbat ion frequency O satisfies the following condition. 

/2 n n ( m O  rain, mOmax) .  (39) 

The minimum frequency for the existence of  RB re~l, of  any order. 
The min imum per turbat ion frequency that  gives rise to a resonance band is O n = ~'~min with the 

n corresponding resonance band RB 1/1. For  O < Omin, there exists no RB m/1 for any m. This 
implies that  low frequency perturbat ions do not excite order m/1 subharmonics.  F r o m  this it 
follows that  the UEV mot ion  in unsteady external flow fields with low frequency is fairly regular for 
any initial configuration. As the frequency increases, the UEV mot ion  near a stable steady 
configuration may begins to undergo oscillation. 

The existence of  a frequency gap of  order k. 
Suppose that  there exists a k such that  

H O k ~ k O m i n ,  

where 

O] + l - ( k + l )  n ~'2ma x 

(40) 

Then, for all per turbat ion frequencies O ~ (f2~, Ok + 1), there exists no unper turbed periodic orbits 
which satisfy the resonance relation mO u = O, for any m. In other words, there exists no RB m/1 for 
any m for per turbat ion frequencies in this interval. We refer to this interval in the per turbat ion 



K. Ide, S. Wiggins~Fluid Dynamics Research 15 (1995) 205-235 227 

frequency f2 (i.e., f2 e ((2 k, Q] + 1)) as a frequency gap of order k. If the per turbat ion frequency of the 
external linear flow field for the UEV mot ion  is in the frequency gap of order  k, then the UEV 
mot ion  is fairly regular for any initial configuration. 

Frequency gap of order k* < k. 
Suppose that  k satisfies the condit ion given in (40). Then there exists a frequency gap of order k* 

k,+l for all k* < k, and the frequency gap is given by f2 e (t2 k*, ~t'2 2 ). 

Number of the frequency gaps N o. 
The number  of the frequency gaps N o and the highest order of a frequency gap are the same and 

are given by 

~ m i n  
No = H n + 1 . (41) 

~C~ma × - -  ~C~mi n 

The Melnikov method  for transversal homoclinic points is similar to that  for RB m/n. Suppose 
q.omo(r) is a homoclinic orbit connect ing a hyperbolic fixed point  of the unper turbed system. Then 
the homoclinic  Melnikov function is given by 

M(z0) = {Ho,H1}(qh°m°(r),z + to) dT. (42) 

Melnikov's theorem states that  simple zeros of the homoclinic Melnikov function correspond to 
transversal homoclinic  orbits to a hyperbolic fixed point  of the two-dimensional  Poincarb map  
existence. Hence chaotic dynamics of the Smale horseshoe type occur for the UEV. 

4.4. The subharmonic and homoclinic Melnikov function calculations 
and their physical interpretation 

We now describe how each per turbat ion influences the UEV mot ion  through the use of the 
subharmonic  and homoclinic  Melnikov theories. The three per turbat ions given in (29) are classified 
into two categories depending on how they influence the parts of excess kinetic energy. The 
per turbat ion in o-(z), for fixed ~ - - % ,  excites Hs(I, q~; Oo,%) time periodically. Similarly, the 
per turbat ion in K(z) excites HR(I; too) time periodically. We say that  the per turbat ion is a Hamil- 
tonian per turbat ion of type 1 (external perturbation) if the time periodic per turbat ion in the 
parameter  causes a time periodic excitation of a part of the Hamiltonian.  The per turbat ions in a(v) 
and ~c(T) are of this type as can be written as follows: 

Hs(I, (p; a('c), %) = {1 + ~ sin (2(~ + T~)} Hs(I, (p; ao, %) 

HR(I; ~c(z)) = {1 + e~ sin t2(z + z~)}HR(I; t%). (43) 

The per turbat ion in c~(-c) is somewhat  different. For  a fixed a = ao it can be rewritten as follows: 

Hs(1, (p; ao, ~(z)) = Hs(1, ~o - 2e~ sin~2(z + ~,); ao, 0). (44) 

Thus  we see that  the per turbat ion in ~(~) has the same effect on Hs as the oscillation of the absolute 
coordinate  axis. Generally, it can be viewed as if the origin of one of canonical variables (in this case 
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~0) is per turbed a round  some fixed value time periodically. We call this type of per turbat ion the 
Hamil tonian per turbat ion of type 2 (internal perturbation).  

The forms of the Melnikov functions for both  types of Hamil tonian  per turbat ions in general 
provide physical interpretations regarding how the per turbat ions influence the dynamics (Ide, 
1990). Next, we describe the consequences of each type of perturbat ion,  i.e., a(r), ~(r) and ~c(r), and 
interpret the mathematical  results in terms of UEV motion.  

4.4.1. Perturbation in a(r) 
On RB m/1 

The Melnikov function AArm/,t+ . ~* ~ t~o, ao, Xo; f2) for e~ = e~ = 0 is written as follows for the Hamil- 
tonian per turbat ion of type 1: 

m/nt~  . ~  KO;Q) = F m / " l ~  M~ t~o,~,o, ~ wo,~:o;f2)cos~2(% + r~) (45) 

f reT~2 f d 
m / .  . H s ( I ,  ~o; 

F ,  (ao, Ko, O) = o-,,r/2 

O, 

ao, Ko) } sin Y2 ~ dr, if n = l ,  

if n # l ,  (46) 

where the integrals are evaluated on the corresponding invariant circle having the resonance 
= M ,./n, relation nO mO H. ~ fro; oo, ~co; f2) is identically zero for n # 1, (Ide, 1990). The Melnikov 

function M~/X(%;o-o,t%;f2) is related to the Fourier  t ransform of the rate of change in the 
excess kinetic energy induced by the steady external straining effect. This is true for both  sub- 
harmonic  and homoclinic Melnikov functions, subject to any one or more  of three periodic 
perturbations.  If we know the UEV mot ion  in the steady external linear flow field and how 
the straining effect contributes to the motion,  then we also know how the UEV receives 
the influence of the per turbat ion in o-(r) for a given per turbat ion frequency f2 th rough  the Melnikov 
function. F r o m  (45), M ~ / l ( % ; a o ,  Ko;~2) has simple zeroes if F~/l(O-o, Xo; f2) is not  identically 
zero, which guarantees the existence of RB m/1. It is clear from the form of the Melnikov 
function and the graph of (d/dr)Hs as shown in Fig. 6 that, on a given orbit of f2 n, the ampli tude 
of Fm/~(ao, •o; f2) with f2 = mr2 n is the largest for m = 1 because (d/&)Hs is more  naturally 
'synchronized with' sin f2r than sin f2rnr for m ~> 2. Fig. 9 shows the relation between the 
signed width of RB m/1 up to first order in e (i.e., F m/l(ao, Ko; f2) /11DHo(qn( - %))11), which 
is on the horizontal  axis, and the posit ion of the band on the l-axis, which is on the vertical 
axis. 

Each figure shows the three types of per turbat ions for (~:o, O-o) = (0.05, - 0.25) in region 15 + in 
Fig. 3 for m = 1. This is a typical type of phase portrai t  in that  it contains IHO,  OHO,  (c-c) and (c) 
periodic orbits. Fm/l(ao, rCo; f2) with m > 1 basically show the same type of behavior  but  much  
smaller amplitude. In Fig. 9, the solid, broken and one-dot  curves correspond to the per turbat ion 
in o-(r), ~(~) and ~:(z), respectively. On the vertical axis, the posit ion of qe (elliptic fixed point) is 
marked  by a circle, the positions corresponding to PBO (periodic boundary  orbit which governs 
the transit ion dynamics) are marked  by a asterisk, and the positions corresponding to homoclinic 
orbits or qh (hyperbolic fixed point) are marked  by a triangle, so as to recognize the original phase 
space structure shown in Fig. 4. 
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On homoclinic orbit 
The Melnikov function M~(zo; ao, Xo; O) for e, = EK = 0 (i.e., the perturbation imposed only on 

the strength of the straining effect a(z)) is written as follows: 

M~(~o; ao, ~Co; f2) = F~(ao, ~:o; f2) cos f2(Zo + z~), (47) 

with 

L{ d } F~(ao, xo; f2) = ~-~Hs(l,q);ao,~co) sin f2z dz, (48) 

where the integrals are evaluated on the corresponding unperturbed homoclinic orbit. The 
existence of transversal homoclinic points is guaranteed for F~(ao, xo; O ) ~  0. F~(ao, ~co; O) is 
similar to M~, (~o; ao, ~c0; ~) without phase shift ~ and parametrization variable ~0. In other words, 
if we know the UEV motion in the steady external linear flow field and how the straining effect 
contributes to the motion, then we can determine how the UEV motion is affected by the 
perturbation in a(r), for a given perturbation frequency •, through the Melnikov function. If the 
perturbation is imposed so that it is 'synchronized with' (d/dr)Hs as the UEV evolves along the 
homoclinic orbit, then the UEV motion becomes more chaotic. 

Earlier we examined how the excess kinetic energy induced by the straining effect (Hs) changes in 
time for several types of the UEV motion in various (~co, ao). On the IHO, typically L(d/d~)gst 
increases in time, attains a local and global maximum, and decays exponentially as r ~ oe due to 
the existence of the hyperbolic fixed point. Hence, for both IHO and OHO in any region of Fig. 3 
that possesses homoclinic orbits, the typical behavior of the graph of F~(ao, xo; f2) with respect to 
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~2 is generally as shown in Fig. 10. In this figure we plot the ampli tudes of the Melnikov functions 
corresponding to the three different types of per turbat ions for (a, ~c) = (0.05, - 0.25) corresponding 
to region 15 + in Fig. 3. This phase portrai t  contains both  IHO and OHO.  It is a s tandard result 
(see, e.g., Wiggins 1990) that  the subharmonic  Melnikov function converges to the homoclinic 
Melnikov function as rn ~ oo. 

] F~(ao, ~Co; ~2)1 increases linearly for ~2 small, attains local and global maxima at some frequency 
(c2e), and decays exponentially as ~2 --, oo. We call the frequency which gives the global max imum of 
the F~(ao, ~:o; ~2) the ext remum frequency and denote it by ~2~. The ampli tude of F~(ao, ~Co; Q) 
sensitively depends on ~2. 

As we will see later in this section, the Melnikov functions for per turbat ions in ~c(z) and c~(z) show 
the same type of behavior which can be explained by the vortex-energy arguments  given in 
section 3.2. 

4.4.2. Perturbation in ~c(z) 
On RB m/1 

The Melnikov function M~/l(Vo; ao, tCo; (2) for e~ = e~ = 0 is written as follows: 

m/n l ~  • M~ t~o, Oo, tCo;Q ) = F~'/"(ao, tCo;f2) cosg2(Zo + r~), (49) 

with 

m/, . HR(I, ~0; Cro, Ko) sin ~?r dz, if n = 1, 
F~ (6o, ~co, f~) = J-mr/2 

O, if n ¢ l ,  

(50) 

where the integrals are evaluated on the corresponding invariant circle with the resonance relation 
n(2 = mQ n and ~2 u of the natural  frequency of the unper turbed orbit. Due to the symmetry,  
M~/"(Zo; O-o, too; f2) for n ~ 1 is identically zero and the existence of RB m/1 is guaranteed for 
F ~/1 (o-o, too; C2) ~ 0. Again the knowledge of HR during UEV evolution in the basic steady external 
linear flow field provides the information regarding the dynamics in the unsteady ~c(z) field. The 
behavior of F ~/1 (ao, •o; •) is quite similar to that  of F m/1 (0.0, /CO ; ~¢~). 

On homoclinic orbit 
Since the per turbat ion in ~c(z) excites HR time periodically as the per turbat ion in o-(z) excites 

Hs t ime periodically, we now examine the influence of the per turbat ion in the strength of the 
background  vorticity effect on the UEV dynamics by examining the Melnikov function as we did 
for the per turbat ion in o(z). The Melnikov function M~(zo; Oo, ~Co; ~2) for e~ = e, = 0 (i.e., the 
per turbat ion imposed only on the strength of the straining effect ~c(-c)) is written as follows: 

M~(zo; Oo, tCo; ~2) = FK(zo; Oo, ~Co; ~2) cos ~2(~o + ~K), 

with 

(51) 

 o tsinO d  ,52/ 
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where the integrals are evaluated on the corresponding unperturbed homoclinic orbit. The 
existence of the transversal homoclinic points is guaranteed for Fdo-o, •o; f2) =/= 0. The physical 
interpretation of F~ (Zo; ao, Xo; f2) is similar to that for F ~/1 (Zo; ao, •o; f2) and its behavior is similar 
to F~(zo; ao, h:o; f2) as shown in Fig. 10. 

4.4.3. Perturbation in ~(T) 
On RB m/n 

The Melnikov function ~a,,,/,~. • ,,* = t-o, ao, t¢o; f2) for e, = e~ = 0 is written as follows. 

M;"/"(ro; ao, ~Co; f2) m/. . = F= (ao, Ko, f2) sin O(ro + r=), (53) 

f m r / 2  { d2 } 

F~"/"(~o,~Co;f2) =° -mr /2  ~ I  cosOrd* ,  if n = l ,  (54) 

0, if n g= 1, 

where the integrals are evaluated on the corresponding invariant circle with the resonance relation 
rn~ u = n~. If we know the UEV motion in the steady external linear flow field and how the 
angular momentum of the UEV changes, then we also know how the UEV motion is influenced by 
the perturbation. 
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On homoclinic orbit 
The Melnikov function M~(ro; ao, ~Co; (2) for ~ = e~ = 0 (i.e., the per turbat ion imposed only on 

the inclination angle of the straining axis c~(r)) is written as follows because the per turbat ion is 
a Hamil tonian  per turbat ion of type 2: 

M~('ro; ao, ~o; f2) = F~(ao, ~Co; (2) sin f2(Zo + z~) (55) 

with 

F~(ao, t~o; (2) = ~r2 1 cos f2r dr, (56) 

where the integrals are evaluated on the corresponding unper turbed homoclinic orbit. The 
existence of the transversal homoclinic points is guaranteed for F~(ao, Xo; (2) ~ 0. F~,(ao, ~Co; (2) is 
similar to M~(ro; ao, ~Co; (2) wi thout  phase shift r ,  and parametr izat ion variable Zo. 

4.4.4. Relationships between the different types of Perturbations and the role 
and influence of parameters 

Since the total kinetic energy is conserved in the flow field, there are certain relations amongst  
the functions F and F"/l's that  we discuss in this section. The arguments  heavily rely on the 
energetics of the UEV which we discussed in section 3.2. 

(i) F rom (24), the following relation holds both  for subharmonic  and homoclinic Melnikov 
functions: 

FE(ao, ~o; (2) = F~(ao, ~¢o; (2) + F~(ao, tCo; (2), 

where 

Fe(ao, ~co; (2) = . ~ HE(I, ~o; ao, ~co) sin (2r dr, 

T * =  roT~2 on RB re~l, (57) 
oc, on homoclinic orbits, 

and the integral is evaluated on the appropriate unperturbed orbit. FE(ao, Ko; •) corresponds to the 
Fourier transform of the rate of change in the self-induced excess kinetic energy. On the homoclinic 
orbits using the previous discussion, the graph of FE(ao, ~o; (2) typically behaves like other F ' s  with 
respect to (2. Since the level sets for HE(l) and HR(I) are both circular in 6 - ~ space, the extremum 
frequency for F~(ao, too; (2) is of the same order as F~(ao, Xo; ~). It follows from the above equation 
that the extremum frequencies for F~(ao, Ko; (2) and F~(ao, ~Co; ~2) are of the same order, i.e., 

( 2 2  ~ 

(ii) F~(ao, ~Co; (2) and F~(ao, ~Co; (2) have the following relationship: 

- KoF~(ao, Xo; (2) = (2F~(ao, Ko; (2). (58) 

For  a given (Ko, ao), the ratio of values of F~(ao, Ko; (2) and F~(ao, Ko; (2) is propor t ional  to the 
per turbat ion frequency f2. F r o m  Eq. (58) and the behavior of F,(ao, Ko; O) and F~(ao, ~Co; (2), it can 
be shown that  the following relation holds: 

(2~ < O~. (59) 
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• (C-C) osc on R B  - f  ~ , KAM, can 
• transition between (C-C) osc. and rot if R B  

includes the origin of (6, ~) 
• (C-C) osc on R B m T ,  KAM, can 

• (C-C) osc on R B  T "~, KAM, can 
• transition between (C-C) osc. and rot if L R B  

includes the origin of (6, ~) 
• (C-C) oscon R B  T,m KAM, can 
• transition between (C-C) rot. and irreversible elongation 

through homoclinic tangles 
• chaotic (C-C) rot. along horseshoe map 

• (C-C) osc on R B  T"I, KAM, can 
• transition between (C-C) osc. and irreversible 

elongation through bomoclinic tangles 
• chaotic (C-C) osc and rot. along horseshoe map 

• (C-C) osc on R B  ~ ,  KAM, can 
• transition between (C-C) osc. and irreversible 

elongation through homoclinic tangles 
• chaotic (C-C) osc. along horseshoe map 

• (C-C) osc on R B  T ,  "~ KAM, can 
• transition between (C-C) osc. and rot if R B  

includes the origin of (/~, () 
• (C-C) osc on R B  T,"i KAM, can 
• (C) ose on RB ~ c a n  ~-, KAM, 
• (C) rot on R B  --f, KAM, can 
• transition between (C-C) rot, (C) osc, and (C) rot. through 

inner and outer homoclinic tangles 
• chaotic (C-C) osc, (C) osc., and (C) rot along horseshoe map 

• (C-C) os, on R B  ~ ,  '~ KAM, can 
• (C-C) osc on R B  T ,  KAM, can 
• transition between (C-C) osc., (C} osc., and (C) rot. 

through inner and outer homoelimc tangles 
• chaotic (C-C) osc., (C) ose., and (C) rot. along horseshoe map 

• (C-C) osc on R B  ~ ,  KAM, can 
• (C) osc on R B  ~ , K A M ,  can 
• transition between (C-C) osc. and (C) rot. if 

R B  ~ includes the origin of (~, ~) 
• (C) rot on R B  ~ ,  KAM, can 
• transition between (C-C) osc. and (C) rot. 

through inner and outer homoclinic tangles 
• chaotic (C-C) osc. and (C) rot. along horseshoe map 

• (C) ose. on R B  ~ ,  KAM, can 
• transition between (C) rot. and (C) rot. if R B  .~ 

includes the or!,~in of (~, ~) 
• (C) ro ton  R B  T, KAM, can 

Fig. 11. Typical UEV motions in the time-periodic linear external field, and the mechanisms that give rise to these 
motions. 
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(iii) Let us consider the effect of varying the parameters (~Co, ao) on the extremum frequencies for 
the different types of perturbations. In general, the extremum frequency (2 ~ depends on how fast the 
orbit approaches the hyperbolic fixed point qh. Hence, f2 e sensitively depends on the eigenvalues at 
qh and the elliptic fixed point on the positive ~-axis (qe +) for IHO. For OHO, f2 ~ depends on the 
eigenvalues at qh and the elliptic fixed point on the negative ~-axis (q~-), and the natural frequency 
at I --, oe. It follows that ~-~e ~ 0 for (~Co, O'o) near bifurcation values on the bifurcation curves S +, 
R and I ] for IHO, and S + and R for OHO. 

(iv) The effect of varying the parameters (~Co, ao) on the amplitude of the F 's  can be also given by 
the phase space structure and the UEV energetics. It is clear from the form of the F 's  that the 
amplitude of the F's  that the amplitude of the F's  is larger when dI/d~ on the corresponding orbit 
is larger. Recall also that the IHO disappears to infinity for (~Co, ao) close to I ~-, which implies that 
the amplitude of the F's  also grows. 

4.5. Summary of  the qualitatively different types of  UEV motion in time-periodic 
external linear flow fields 

In Fig. 11 we summarize the qualitatively different types of UEV motion in time periodic linear 
external flow field corresponding to values of (~Co, ao) in the regions in Fig. 3 denoted by 1 +, 3 +, 4 +, 
5 +, 13 +, 14 +, 15 + and 17 +. In this figure K A M  denotes the abbreviation for a "KAM torus" and 
can is an abbreviation for "cantorus". 

5. Summary 

Isolated concentrations of vorticity are commonly observed in a variety of almost two-dimen- 
sional, incompressible, inviscid flows. Such vortices appear to be persistent and often are character- 
ized by an elliptical configuration with time varying aspect ratio and inclination angle. A system of 
UEV's in a linear external field is a first order approximation to the model motion of an isolated 
vortex or interaction processes among isolated vortices in a Lagrangian frame moving with one of 
the vortices. 

A Hamiltonian formulation, in which one of the two variables for the UEV motion and the 
Hamiltonian represent the UEV angular momentum and excessive kinetic energy of the total flow 
field, respectively, was derived. The Hamiltonian has three components; one due to self-induced 
motion, the other two due to strain and rotation of the external flow field. The system thus 
describes how the UEV and the external flow exchange angular momentum and energy during the 
evolution, which provides physical insight into general vortex-interaction processes. 

When the external linear flow field is time independent, all possible UEV motions can be 
compactly described by a phase plane diagram, or phase portrait, for a given flow parameter set. 
The phase space is divided into several regions that correspond to different types of regular UEV 
motion; steady state, oscillation, rotation, asymptotic approach to a steady state, and elongation. 
The boundaries between these regions are defined by IHO, OHO, periodic orbits passing through 
the origin of the coordinate system, and unbounded invariant manifolds emanating from the 
hyperbolic fixed point. In the parameter space, regions of qualitatively different phase-portrait 
structure are separated by bifurcation curves. 
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N e w types of  m o t i o n  become  possible in t ime-per iodica l ly  vary ing  external  l inear  flows. A U E V  
can undergo  ei ther  regular  or  i r regular  mot ion ,  and  change  its type of  m o t i o n  dur ing  the evolut ion.  
Mechan i sms  for chaot ic  t rans i t ion  are p rov ided  by homocl in ic  tangles and  resonance  bands,  while 
quas i -per iodic  U E V  m o t i o n  is expla ined by the existence of the K A M  tori. The  Me ln ikov  
technique  not  only  predicts  such mo t ions  qual i ta t ively  but  also gives quan t i t a t ive  in fo rma t ion  
including the U E V  response  to pe r tu rba t i on  type and frequency.  
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