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Abstract 

Planetary flows--atmospheric and oceanic--are approximately two-dimensional and domi- 
nated by coherent concentrations of vorticity. Data assimilation attempts to determine optimally 
the current state of a fluid system from a limited number of current and past observations. In this 
two-part paper, an advanced method of data assimilation, the extended Kalman filter, is applied to 
the Lagrangian representation of a two-dimensional flow in terms of vortex systems. Smaller 
scales of motion are approximated here by stochastic forcing of the vortices. 

In Part I, the systems studied have either two point vortices, leading to regular motion or four 
point vortices and chaotic motion, in the absence of stochastic forcing. Numerical experiments are 
performed in the presence or absence of stochastic forcing. Point-vortex systems with both regular 
and chaotic motion can be tracked by a combination of Lagrangian observations of vortex 
positions and of Eulerian observations of fluid velocity at a few fixed points. Dynamically, the 
usual extended Kalman filter tends to yield insufficient gain if stochastic forcing is absent, 
whether the underlying system is regular or chaotic. Statistically, the type and accuracy of 
observations are the key factors in achieving a sufficiently accurate flow description. A simple 
analysis of the update mechanism supports the numerical results and also provides geometrical 
insight into them. In Part II, tracking of Rankine vortices with a finite core area is investigated and 
the results are used for observing-system design. © 1997 Elsevier Science B.V. 

1. Introduction 

Data assimilation is a technique that describes the state of a dynamical system, 
subject to possible stochastic forcing, using limited knowledge about the sys tem--such  
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as its underlying deterministic dynamics and partial observations subject to measurement 
error. Using a suitable numerical scheme, the complete state of the system can be 
'forecast' according to its underlying deterministic equations, from a given initial state. 
On the other hand, observations, which represent the true system perturbed by possible 
noise, may be available occasionally as a function of a small subset of the system 
variables. Merging a forecast from an earlier, imperfectly known initial state and current 
observations, data assimilation updates the system with the available observations to 
provide an 'analyzed' state by optimizing the expected difference between the 'analyzed' 
and 'true' state of the system (Bengtsson et al., 1981; Daley, 1991). Successful data 
assimilation depends on a good balance between the accuracy of its dynamical (forecast) 
and statistical (optimization) aspects. If the underlying dynamics of a system is not fully 
known, then data assimilation may help develop a model of the system via parameter 
identification (Smedstad and O'Brien, 1991; Hao and Ghil, 1995). 

There are many fields in science and technology which heavily involve data 
assimilation (Panel on Model-Assimilated Data Sets for Atmospheric and Oceanic 
Research, 1991). In the fluid dynamics community for example, meteorologists have 
been using several data assimilation techniques for operational numerical weather 
prediction (NWP) and studies of atmospheric dynamics (Daley, 1991). Atmospheric 
models are often described as infinite-dimensional, continuum systems governed by 
partial differential equations (PDEs), such as the so-called primitive equations or the 
quasi-geostrophic equations. Numerical schemes for these models are often given in 
terms of finite-dimensional systems of ordinary differential equations (ODEs) in an 
Eulerian frame by discretizing the PDEs with respect to space. By integrating these 
finite-dimensional systems of ODEs, the atmospheric state is forecast in time. At the 
same time, abundant data regarding the actual atmospheric state such as temperature and 
velocity measurements from ground-based, airborne or satellite-borne instruments have 
become available. Techniques commonly used in meteorological data assimilation 
include so-called optimal interpolation (Gandin, 1965; Lorenc, 1981), variational meth- 
ods (Sasaki, 1970; Provost and Salmon, 1986; Talagrand and Courtier, 1987), and 
Kalman filtering (Ghil et al., 1981). 

The main goals of oceanographic data assimilation are different from meteorological 
data assimilation, emphasizing the investigation of fundamental ocean dynamics rather 
than prediction (Ghil and Malanotte-Rizzoli, 1991). Unlike atmospheric dynamics, for 
which models are well adapted to arbitrary regions of the earth, study of basic ocean 
dynamics is still actively in progress. Moreover, oceanographic data are often not given 
directly in terms of the model variables and are observed much less frequently and 
nonuniformly over the ocean as compared with the atmospheric data. Hence the 
challenge of oceanographic data assimilation is to help build suitable models which fit 
oceanographic data reasonably well. 

Most data assimilation studies in meteorology and oceanography so far have been 
performed in an Eulerian frame in the sense that state variables are computed on fixed 
grids in space. When the flow can be represented by a few isolated vortices, however, 
assimilating the state of the fluid in an Eulerian frame may be computationally more 
expensive as well as less accurate. Localized coherent vortices are common phenomena 
in both meteorology and oceanography (McWilliams, 1991). For example, atmospheric 
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blocking in the mid-latitude troposphere can be represented by a persistent dipole vortex 
structure (McWilliams, 1980), and Gulf Stream rings are nearly axisymmetric vortices 
generated by the breaking of a meander from the Gulf Stream (Robinson, 1983). For 
such flows, tracking vortices is far more efficient and accurate in describing the 
'macroscopic aspects' of flow dynamics. To analyze flows with coherent structures, 
Mariano (1990) suggested a technique to estimate consistently the isopleths, or contours, 
of a given flow from two or more independent information sources, whether they be 
observations or numerical forecasts. 

In this study, we investigate the performance of data assimilation for simple vortex 
systems in a barotropic flow where the flow dynamics is described in a Lagrangian 
frame. The description is in terms of point vortices in Part I of the study and in terms of 
Rankine vortices in Part II. Although point-vortex and Rankine-vortex systems have 
much fewer degree of freedoms than an Eulerian description of the same flow fields, 
their dynamics is nonlinear and exhibits various types of motion, regular or chaotic. To 
deal with nonlinearity in these vortex systems, the extended Kalman filter (EKF) is 
chosen in the present study (Jazwinski, 1970; Ghil et al., 1981). The EKF is a nonlinear 
extension of the Kalman (1960) filter that had originally been developed for linear 
systems (Kalman and Bucy, 1961). Miller et al. (1994) investigated several data 
assimilation techniques for highly nonlinear systems, including a higher-moment EKF. 
Like all sequential data assimilation methods, the EKF has two ingredients: forecast and 
update. This two-part paper mainly focuses on the latter and addresses, in particular, 
observing-system design; issues concerning the former are discussed by Ide and Ghil 
(1997b). 

The nature, distribution and accuracy of observations are important factors in the 
performance of data assimilation, as is the description of the system's dynamics. The 
observations may be linear or nonlinear, Eulerian or Lagrangian functions of the 
(discretized) field variables. In Part I of this study, we focus on general characteristics of 
vortex-system tracking using the EKF on point-vortex systems. We analytically demon- 
strate some basic update mechanisms in barotropic flow and point out certain potential 
problems in the light of the system's dynamics and observations. In Part II (Ide and 
Ghil, 1997a), we introduce a Rankine-vortex model for the flow dynamics to overcome 
some of these problems and propose criteria on the observations that, if met, will 
overcome the remaining problems encountered in Part I. 

Part I of this paper is organized as follows. In Section 2 we give a quick review of 
the EKF, along with basic concepts of sequential estimation theory and its application to 
point-vortex systems. Two types of observations, Eulerian and Lagrangian, that we use 
are introduced. Numerical results of applying the EKF appear in Section 3. They include 
experiments using the EKF with both types of observations, on a two-point vortex 
system and a four-point vortex system, in the absence and presence of stochastic forcing. 
In Section 4 we explain analytically the update mechanisms acting when various types 
of observations are used, including some not illustrated by the numerical experiments in 
this paper. The analysis gives geometrical insight into the update mechanism, showing 
how vortex positions are affected by the observations. Brief concluding remarks are 
contained in Section 5. Two appendices give complete derivations of analytical results. 
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2. F o r m u l a t i o n  o f  the  m o d e l  a n d  the  m e t h o d  

2.1. Review of  the extended Kalman filter (EKF) 

In this section, we give a brief review of the EKF method in an N-dimensional vector 
space for continuous-time systems. This approach is more appropriate for the theoretical 
treatment of  vortex systems than the discrete-time approach, since in many instances 
analytical, and hence sharper, results are possible. The EKF formulation for discrete-time 
fluid systems can be found by now in many places in the meteorological or oceano- 
graphic literature (e.g. Ghil et al., 1981, or Miller et al., 1994). 

We first define ~ ' true'  ~ystem and observations on it. The true system, including 
unresolved subgrid-scale processes, is denoted by superscript ' t ' ,  and is assumed to be 
governed by a nonlinear stochastic differential equation, 

dx t = f ( x t ) d t  + dq t, ( l a )  

a t ~ ~ 4 / ( 0 N , Q t ) ,  ( l b )  

where x is an N-vector describing the state of the system, f is the N-vector of underlying 
deterministic transition functions, q is an N-dimensional Wiener process whose incre- 
ments have mean zero and covariance matrix Q = E[qqr], E[.]  is an expectation 
operator, and ( - ) r  is the transpose of a (column) vector. Numerically, the evolution of 
the true state x t is obtained by using a stochastic differential-equation integrator based 
on a generalization of Runge-Kut ta  methods (Greenside and Helfand, 1981); Miller et 
al. (1994) used a second-order two-step scheme based on a slightly different approach 
(see their Appendix A). 

While the true state x ~ evolves according to Eqs. ( la)  and (lb),  several observations 
regarding this system become available. At time t i, an Mi-vector of observations b~ 
which contain white noise w i is measured 

b"i = bti + w it , (2a )  

where 

bti = h i (x t (  ti) ), (2b) 

w] ~ ..4/(0M, ,R)) ,  (2c) 

hi is an Mi-vector of  observation functions that depend on the state variables x and may 
vary in number and nature at each update time, R i = E[wjw/]  is the Mi × M i covari- 
ance matrix of  the whito-noise process wa with mean zero, and subscript ' j '  and 
superscript 'o '  denote time ti and 'observation' ,  respectively. Observations {b~: j = 1, 
. . . .  L} available L times during the evolution of x ~, are the only data known to us 
regarding the true system. Note that f and h may be nonlinear functions of the state 
vector x. 

The goal of  successful assimilation is to predict the state variables as accurately as 
possible by minimizing the expected error, given only limited knowledge regarding the 
true system. The EKF achieves this goal by combining dynamical and statistical aspects 
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of the system. It takes two successive steps, i.e. forecast and update. The EKF first 
forecasts the state vector x f according to the underlying deterministic equations, together 
with its error covariance matrix Pf, where superscript 'f '  stands for 'forecast'. The 
forecast of the state itself is part of any prediction or simulation; the forecast of the 
'error bars' of the state is useful in general but critical in data assimilation. When 
observations become available, the EKF updates the state variables to obtain optimized 
x" and pa; the 'analyzed' x a and P~ become the initial data for the next forecast. The 
repetition of these two steps in time gives its name to sequential estimation theory, of 
which the EKF is an important result. 

We outline the statistical aspect of sequential estimation theory for a scalar variable 
f and o of x! x t as a simple example. Suppose at t = tj, we have two representations xj xj ,, 

whose variances are Y'.~ and ~.~, respectively, 

Assuming that the two representations are linear in xj, unbiased and uncorrelated, the 
optimal estimate x~ of x} is obtained by minimizing the mean-square error estimate Jj, 

The minimum Jjlmi n 

• ( z ; ) 2 +  2 

is achieved when 

x ; = x f +  
( r ; ) 2  + 2 

The mathematical formulation of the EKF for a stochastic process given by Eqs. (la) 
and (lb), together with observations given by Eqs. (2a), (2b) and (2c), is as follows 
(Gelb, 1974, Ghil, 1989). The EKF first forecasts the state vector x e and its error 
covariance matrix Pf, 

pf~-- E [ ( x f -  x t ) ( x  f -  xt)T] . 

The forecast is obtained by solving the underlying deterministic equations numerically 
or analytically for a forecast interval, i.e. the time interval between two successive 
observations: 

dx f 
dt = f ( x f ) '  (3a) 

dW 
= F f P  f --~ ( P f ) T F f  -~- Qf ,  (3b)  

dt 
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here 

f _ Ofk ( 3 c )  
F2' t -  Oxl x:x"  

fk and x~ are the kth and lth components of f and x, respectively, Qf is the (given or 
estimated) noise covariance for the forecast and F is the linearized transition matrix with 
subscripts 'k'  and '1' representing row and column identities, respectively. At time tj, 
the system is updated using xt(ti) and b~, together with their estimated error-covariance 
matrices Pf(tj) and R~, where R'~j is assumed known, so as to minimize the mean-square 
error ././. defined by 

Ji =- trpa(tj)  = E[(X"( t i ) -  x ' ( t i ) )  ( x " ( t i ) -  x'( t /))r].  (4) 

For fully nonlinear dynamics f and observations h, no algorithm that minimizes Eq. (4) 
with any generality and executes in finite time is known. The EKF is characterized by 
solving for the full nonlinear state evolution, cf. Eq. (3a), and by using successive 
linearizations about the currently estimated state to advance the error-covariance matrix, 
cf. Eqs. (3b) and (3c). It thus provides a consistent first-order approximation to the 
optimal estimate of the state xa(ti) at the observation time ti' 

x~( ti) = x ' (  ti) + Kit[b''i - h i[x ' (  ti)] } (5a) 

and of its error P~(ti), 

P~(ti) = (I:~, - KiH.i)P"(ti)  (5b) 

where (Jazwinski, 1970, Ghil and Malanotte-Rizzoli, 1991) 

K~ = Pt ' ( t j )H~[HiP'( t / )H~ + R°]/.I ' (5c) 

Hk ~li = Oh_._~k . (5d) 
' 0xt ]x=x'(t,) 

Here Kj is the N × Mj gain matrix, Hj is the Mj × N linearized observation matrix, and 
I N denotes the N × N identity matrix; x a and P" become the initial data for the next 
forecast of x f and Pf, respectively, while x~(t)= xf(t) and Pa( t )=  Pf(t) between 
observations, ti < t <_ ti+ ~" 

In general, performance of the EKF can be measured by several informative 
quantities such as: (1) evolution of trP f'a that indicates the estimated least-square error; 
(2) evolution of selected components of Pf'" that indicate how well the corresponding 
state variables are estimated in the least-square sense; and (3) comparison among the 
evolution of the true observed and estimated state variables and the corresponding terms 
in pf.a and that helps evaluate the actual performance of the EKF and its credibility. 

The dynamical aspect of the data assimilation process is the forecast and is given by 
Eqs. (3a), (3b) and (3c), while the statistical aspect is the update and is given by Eqs. 
(5a), (5b), (5c) and (5d). Together, they yield the EKF method for estimating the state of 
the true system governed by Eqs. (la) and (lb) subject to observations defined by Eqs. 
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(2a), (2b) and (2c). The EKF is, in fact, merely a consistent first-order approximation of 
the ideal data assimilation scheme for nonlinear systems; no finite-time numerical 
implementation of a truly optimal sequential scheme for such systems. In the presence of 
both initial uncertainty and system noise, is conceivable at present. 

As discussed by Cohn (1993) and Miller et al. (1994), both the best sequential 
scheme (given computational and other implementation constraints) and the stability of 
its error covariance matrix remain important research topics to be addressed in the 
future. Recent developments of the ensemble forecast method (Toth and Kalnay, 1993; 
Buizza et al., 1993) hold great promise for medium-range weather forecasts and 
stimulated a new look at classical predictability results (Anderson, 1995; Legras and 
Vautard, 1996). In the rest of this two-part paper, we mainly focus on the optimization 
of observing-system design and thus emphasize the update aspect of the EKF. Issues 
concerning the forecast component of sequential data assimilation, such as the short-, 
medium-, and long-term evolution of prediction errors and the influence of stochastic 
forcing on them are discussed by Ide and Ghil (1997b). 

2.2. Application to point-vortex systems 

We now apply the EKF to a system of N point vortices. Our goal is to predict vortex 
positions accurately and to minimize the expected error, by using known underlying 
vortex dynamics and available observations, while the vortices evolve due to nonlinear 
interactions and also possibly due to stochastic forcing. The system's state variables, i.e. 
the vortex positions, can be represented in several ways. In this study, we treat the N 
vortex positions as N complex state variables, i.e. Zv = {Zv.l, zv,2 . . . . .  zv,r4} is a 
complex-valued N-vector, Zv.t = Xv,t + iY,,,t being the complex coordinate of vortex I. 

The underlying deterministic dynamics for N point vortices is given by 

dzv,t s F~ 1 
dt =f~,~(Zv) = ~] - , e l=  1 . . . . .  N (6) 

, t i 27r  Zv,l Zv n n= 1,rl 

where Zv*,t denotes the complex conjugate of Zv,~, fv,~ is the underlying deterministic 
velocity function for vortex I, and F. is the circulation of vortex n. The induced 
velocity around a point vortex is singular at the vortex and decays like 1/el, where el is 
the distance from the vortex. Each vortex is advected with the local fluid velocity, which 
is a superposition of velocities induced by the other N -  1 vortices in the flow. The 
forecast of the vortex positions zfv and of the error-covariance matrix Pf  are obtained 
by integrating the deterministic equations of motion using the second-order Rung and 
Kutta scheme. Since a complex state variable consists of two scalar state variables, Pf  is 
naturally decomposed into N 2 2 X 2 block elements whose (k, l)th element Pit is given 
by 

[(AxvkAxv./ Ax v~Ayv/ t ]  
I~fl = E  AyvlkAXv,,  AyvlkAyvlt]]' 

here 

( A X v , l , A y v , l )  = (~O~,J)(Zfv,  1 -- Ztv,i), 

with ~ and J the real and imaginary parts of a complex number. 
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Similarly, the linearized transition matrix F t and the covariance matrix Qf may be 
decomposed into N 2 2 X 2 blocks. Assuming that the stochastic forcing for the state 
variables is given by zero-mean white noise, uncorrelated from one vortex to the other, 
the estimated covariance of  stochastic forcing is: 

o f  ~ kl 6ktq~I~_, k , l =  l . . . . .  N ,  (7) 

where q~ is the magnitude of  the variance for each vortex, and 6kt the Kronecker delta. 
With F f and Qf defined as above, the forecast Pf is computed according to Eqs. (3a), 
(3b) and (3c). 

Two types of  observations are used in this paper. The subscript corresponding to the 
observation time is dropped for convenience. Observations e ° consist simply in (a subset 
of) vortex('-center') positions (cf. Part II) given by the Mv-vector 

c o =  . . . . .  ( S a )  

where 

, '" ~,,~ (8b)  

hv,k(Zv ) = Z,. ..... k = 1 . . . . .  M v, (8c) 

hv, k is the complex observation function with subscripts ' v '  and ' k '  denoting 'vortex'  
and the kth observation, respectively, M,, is the number of observations of  this type and 
m is the vortex identity which corresponds to the kth observation, with 1 < m < N. Such 
Lagrangian measurements could be made by drifting buoys trapped in the 'eye '  of  a 
persistent eddy or by interpretation of satellite infrared imagery. 

The other type of observations consists of the conjugate of the complex flow velocity 
u °, measured at some given points, i.e. stations z,: 

u ° =  {u',',u~ . . . . .  u~ t } ,  ( 9 a )  

where 

o _ t * w ~ (9b) 

N F,,, I 
h~.~ = L k = 1 . . . . .  M~. (9c) 

, =  I i27r z~,,,, - z, , ,  

z ..... is the position of the mth station, M~ is the number of  velocity observations, 
subscript 's '  denotes 'station' and m = m ( k )  is the station identity which corresponds to 
the kth observation of  this type. Such Eulerian measurements could be implemented in 
oceanography by fixed current meters, ship stations or by the remote tracking of natural 
or artificial 'features' transiting a given location (such as the cloud-track winds obtained 
in the atmosphere from geostationary satellites). 

There are a total of M = My + M, complex observations b ° =  {c °, u °} associated 
with M observation functions h = {h v, h~}. The two types of observations have certain 
features in common, as well as major differences. The most useful common characteris- 
tic is that h v and h~ can both be written as analytic functions of the state variables Zv. 
As discussed in greater detail in Section 4.1, such analytic observation functions are 
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common for point-vortex systems. This property becomes useful in understanding 
geometrically the update mechanisms for various types of observations. 

There are three major differences between position and velocity observations. First, 
h v is Lagrangian while h~ is Eulerian. Second, h v is linear while h~ is nonlinear in Zv. 
Finally, h V is a function of only one state variable (single-state-variable function), 
whereas h s is a function of all the state variables (multi-state-variable function). As Pf 
and F f may be decomposed into 2 X 2 matrices, the linearized observation matrix H 
may also be decomposed into MN 2 X 2 matrices. Throughout this study, the observa- 
tion errors are assumed to be uncorrelated, i.e. 

t,O Rt~7=tktr  k 12, k , l = l  . . . . .  M,  (10) 

t,o may be chosen either as a given function of the magnitude of the observation where r k 
or as given constants. 

3. Numerical  results 

3.1. Two-point vortex system 

A system of two point vortices, in the absence of stochastic forcing, has a Hamilto- 
nian with one degree-of-freedom. Hence its motion is regular; more precisely, it is 
periodic unless the two circulations have the same amplitude but opposite sign, in which 
case the motion is linear, parallel translation. If the system is subject to stochastic 
forcing, then the dynamics of the two vortices is no longer deterministic and their exact 
trajectories are unpredictable. In this subsection, we examine the performance of the 
EKF on a system of two point vortices, both in the absence and presence of stochastic 
forcing. 

Since the underlying deterministic system is governed by a Hamiltonian with one 
degree-of-freedom, the two vortices may be assumed, without loss of generality, to have 
the same sign and equal circulations. At t = 0, the pair of vortices zv,1 and Zv,2, with 
circulation F =  1, are located at (1, 0) and ( - 1 ,  0) respectively. The system has a 
natural period of ~ 160 time units. In each run with stochastic forcing, qf= 0.01 for 
each forcing term in Eq. (7). The initial condition of pf is assumed to equal r °, 
reflecting the fact that the errors in the initial vortex positions are comparable to the 
observational ones. 

Each Lagrangian observation of vortex position c ° = {c~', c~} is assumed to contain 
uncorrelated white noise in the x- and y-components with corresponding variances 
r ° = 0.04 in Eq. (10): Eulerian velocity observations u ° are taken to depend nonlinearly 
on both vortex positions. In this study, we choose three stations G.I, G.2, and z~,3 at (0, 
0), (0.9, 0), and (2, 0), as shown in Fig. 1, at which complex conjugate velocities 
u ° =  {u~, u~, u~} are measured. In the absence of stochastic forcing, z~.l is at the 
stagnation point (i.e. the velocity there is zero) and lies inside of both vortex trajectories, 
zs.2 lies inside but close to the vortex trajectories, and Zs,3 is located outside of the 
vortex trajectories. The effect of the stations' position is discussed briefly in Section 3.2 
here and in greater detail in Part II, as part of the general problem of observing-system 
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Zv,1 

x x x 

Zs,1 Zs,2 Zs,3 

Zv,2 

Fig. I. Schematic diagram of two vortices (solid circles) and three stations ( X signs). 

design (Ghil and Ide, 1994), The velocity observations u ° are assumed to contain errors 
t,o in Eq. (10) are with a standard deviation of 20% of  their true absolute values, i.e. r k 

computed based on the magnitude of  velocity observations. 
This study is exploratory and does not claim to simulate in detail the behavior of 

known observing systems in meteorology or oceanography. As indicated at the end of  
Section 2.2 either Lagrangian or Eulerian observations could be implemented in a 
number of  ways, each with its own error characteristics. The assumptions made about 
observing errors are thus taken rather arbitrarily, but on the difficult side of  the range of 
possibilities. 
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Fig. 2. The performance of the EKF for two point vortices without stochastic forcing, when observing their 
positions every 5 time units: (a) trP; (b) Pn ~; (c) xl; (d) 3h. 
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There are thus a maximum of five available complex-valued observations and three 
possible combinations of  observation types: e ° only, e ° as well as u °, and u ° only. In 
the following subsections, we examine the performance of the EKF using various types 
and combinations of  observations, in the absence and presence of stochastic forcing. 
Results are shown in terms of t rP  f'a and some components of  pf.a, as well as comparing 
the evolution of true, observed and estimated vortex positions. 

3.1.1. No stochastic forcing 
Figs. 2 - 5  show the typical performance of the EKF in the absence of stochastic 

forcing. The trace pf, a of  the error covariance matrix pf, a represents the overall 
performance of the EKF, since the EKF is designed to minimize t rP  a, cf. Eq. (4); P] xx 
is the component of  P giving the error covariance of the x-coordinate of  vortex 1. 
Hereafter and in the figures we drop the superscripts ' f ' ,  ' a '  and ' o '  for convenience. 
The x- and y-coordinates of  vortex 1 are plotted to show actual performance of the 
EKF. Solid curves correspond to the EKF estimation, open diamonds correspond to the 
true state of  the system, and plus signs correspond to the (noisy) observations. The 
system is updated every 5 time units using the observations available for each run; in 
Fig. 3 the update is done only every 50 time units, i.e. about three times per rotation of 
the vortices around the stagnation point. In Figs. 2 and 3 both vortex positions are used, 
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Fig. 3. The performance of the EKF for two point vortices without stochastic forcing, when observing their 
positions every 50 time units: (a) trP; (b) Pi xx; (c) xl; (d) Yl. 
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Fig. 4. The performance of the EKF for two point vortices without stochastic forcing, when observing vortex 
position c" I and station velocity u 2 every 5 time units: (a) trP; (b) P2, ,: (c) x2: (d) y2, 

i.e. b = {c z, c2} , for each update, while Figs. 4 and 5 show updates using one vortex 
position and one velocity observation at z ~ ,  i.e. b - - { c  l, u 2} and b = { c  I, ul}, 
respectively. 

Recall that the EKF estimates the system from one observation time to the next in 
two successive steps, i.e. forecast and update. EKF performance depends on consistency 
between the two steps. The main characteristic of the forecast process in the absence of  
stochastic forcing is the slow, periodically modulated growth of the components of P. 
This is due to the regular motion of  the vortices, since the growth rate is related to the 
eigenvalues of  the system along a trajectory (Miller et al., 1994). 

The efficiency of  the update relies on how well P and R represent the forecast and 
observation errors, as well as on the number, type and accuracy of  observations. Let us 
consider the update using c ° only. Fig. 2 shows an example of  excellent tracking. Notice 
that, in the absence of  stochastic forcing, t r P  decays roughly like 1 / t  (compare Fig. 2 
of Ghil et al., 1981), i.e. like the estimation variance of  a scalar subject to n repeated 
uncorrelated observations having equal variance, with n = t. Thus knowledge of the 
Lagrangian flow dynamics and use of the EKF reduce the problem of flow-field 
estimation to that of scalar estimation, given a very small number of  observations. 

If, on the other hand, the growth of  the components of  P between observations is not 
large enough, frequent updates tend to make these components decay rapidly and hence 
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Fig. 5. Same as Fig. 4, but with velocity observation u]: (a) trP; (b) PI xx; (c) xl; (d) Yr. 

become quite small. Once the components of P become small as compared with the 
components of R, the gain K in Eqs. (5a), (5b), (5c) and (5d) at update time is 
insufficient and hence observations do not play a significant role in estimating the vortex 
positions (not shown, but see Fig. 3(a) of Miller et al., 1994). Hence, in the absence of 
stochastic forcing, when the vortex-position observations are frequent, the performance 
of the EKF depends on the accuracy of the last update before the components of P 
become too small compared with those of R. If the 'last significant' update at the end of 
the initial adjustment period fails to accurately estimate the vortex position, the 
estimated positions slowly but steadily drift away from the true ones due to nonlinear 
vortex interaction. 

When the updates are much less frequent, the performance of the EKF depends on 
how well P and R represent the evolution of the system, as shown in Fig. 3. The 
components of P related to the y-coordinate of vortex 1 (not shown) are well 
represented and hence the estimated coordinate follows the true one faithfully; however, 
the component of P for the x-coordinate of the same vortex does not grow enough to 
affect the updating (Fig. 3(b)). The behavior of each component of P depends on the 
initial data as well as on the underlying nonlinear dynamics of the point-vortex system. 

When only one of the two vortex positions is observed, the unobserved vortex 
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receives much smaller corrections at update time. A station-velocity observation can 
compensate for this, provided the initial guess for the vortex positions is good enough 
(see Fig. 4). Inaccurate initial data for the unobserved vortex result, however, not only in 
false estimation of its position but may also contaminate the estimation of the vortex 
position that is observed, through the interaction of the two. Again, gentle growth of P 
according to deterministic dynamics results in insufficient gain for the update. Once P 
becomes small with respect to R, new observations have almost no impact on the 
estimation. Hence accurate initial data for the vortex positions become an important 
factor for EKF performance. 

As shown analytically in the next section and in Appendix A, Eulerian station 
velocity observations have advantages and disadvantages compared with Lagrangian 
vortex-position observations. An advantage is that, since velocity at an arbitrary fixed 
point depends on all the vortices, all vortices are updated by a single-station velocity 
observation. An important disadvantage is that the observation function h~ depends 
nonlinearly on the vortex position z~ and the influence of a velocity observation 
behaves like /-4, where / is the distance between the station and a given vortex; hence 
the effect of such an observation has a strong singularity for small 1 and becomes very 
weak for large 1. For Lagrangian vortex-position observation, if P is not a diagonal 
matrix, then the update using one vortex position will indeed change the positions of 
other vortices, though the effect may not be as significant as the one observed here. We 
are merely talking, however, about the simple analysis using the diagonal P, to explain 
the underlying update mechanism. 

When station-velocity observations are added to observations of both vortex posi- 
tions, the performance of the EKF does not change significantly, as long as the station is 
not located near a stagnation point of the field. Smaller velocity observations tend to 
accelerate the quick decay of the (estimated) components of P, while overall filter 
performance does not actually improve, due to the / 4 factor (see Section 4; the term 
most affected by I is d2~ in Eq. (18)). If the observations include only one of both 
vortex positions and some velocity observations (Fig. 4), the unobserved vortex (Fig. 
4(d)) is more accurately up-dated than in the absence of velocity observations. When, in 
addition to having position observations, a velocity station is located near a stagnation 
point, the filter may fail badly in tracking the vortices (Fig. 5). The mechanism for this 
misbehavior as well as its remedy, will be discussed in Section 4 here and Section 4 of 
Part II, respectively. When the observational data include only station velocities (not 
shown), the components of P do not decay rapidly, and hence the updates have greater 
impact on the estimation. The EKF thus performs reasonably well as long as the initial 
data are sufficiently accurate. 

3.1.2. With stochastic forcing 
In more realistic situations, when the system is subject to stochastic forcing, true 

motion of the two vortices is no longer simple rotation. Since the vortex positions are 
still forecast according to the underlying deterministic dynamics, the true and forecast 
positions of the vortices may drift apart during one updating interval even if their initial 
data are identical. On the other hand, the components of P will grow faster, so that they 
will no longer be underestimated with respect to those of R. Hence the performance of 
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the EKF is likely to be improved, while still depending strongly on the type and number 
of the observations and on the accuracy of R and P. 

Figs. 6 -8  are the counterpart of Figs. 2, 3 and 5 in the presence of stochastic forcing. 
The true motion of the vortices in this case is computed by the appropriate stochastic 
generalization of the second-order Runge-Kutta method (Greenside and Helfand, 1 981). 
Although the motion is much more complicated than in the purely deterministic case, the 
EKF performs in all three cases better in capturing the overall dynamics. This is true 
when both vortex positions are observed (Figs. 6 and 7), but even more strikingly so 
when only one vortex position and one station velocity are observed (Fig. 8). 

For the time interval shown in Fig. 7, the stochastic forcing (although it has mean 
zero, cf. Eqs. ( la) and (lb)) happens to bring the two vortices closer to each other and 
thus increase systematically their velocity of rotation around the stagnation point. Hence 
the updates while separated by the same interval of 50 time units as in Fig. 3, are more 
infrequent compared with the average period of rotation than in the purely deterministic 
case. Still, the growth of the components of P is fast enough for the estimation to almost 
recover the true positions at every update. If some component of P is small at update 
time, then the corresponding state variable may not be influenced by it. In Fig. 7, the 
system recovers the x-coordinate of vortex 1 quite well while the y-coordinate (Plyy, 
not shown) follows the observations less closely. Unlike the situation where stochastic 
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forcing is absent, the components of P can increase again and hence recover the 
observed value in the following updates (not shown). 

Adding velocity observations to both vortex positions being observed does not 
change substantially the overall performance of the EKF (not shown). Due to stochastic 
forcing, z~.~ is no longer a stagnation point and hence updates using u~ do not fail 
dramatically (Fig. 8), as they did before (Fig. 5), given only one observation of vortex 
position. 

3.2. Four-point  uortex system 

It is well known that a deterministic system of four or more point vortices in the 
plane may exhibit chaotic dynamics (Aref, 1984). In this subsection we examine the 
performance of the EKF when the deterministic system is chaotic. At t = 0, four 
vortices are located at positions that are slightly perturbed away from the corners of  the 
1.6 × 0.4 rectangle centered at the origin. Due to the perturbation from perfect symmetry 
in initial data, the vortices undergo deterministically chaotic motion. In each run in 
which stochastic forcing is present, q '  in Eq. (7) is assumed to be 0.01 as before. 

The observing patterns considered include Lagrangian measurement of the vortex 
positions and Eulerian velocity measurements at the same three stations as in the 
previous subsection. The relative positions of  the stations with respect to the vortex 
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paths are also the same as before. The exact positioning of stations is less important in 
the physically more realistic, and hence important, case of four or more vortices. In this 
case, the nonlinear interaction of the vortices leads to their trajectories being irregular 
and covering an area of the plane more or less uniformly (see Fig. 4 in Part II). Hence, 
an equal number of stations in a different, but likewise fixed configuration will achieve 
comparable accuracy in tracking. The effect of optimal observing-system design on 
accuracy will be discussed in Part II. 

Note that zs,~ is no longer at the exact stagnation point, even in the purely 
deterministic case. There are now a total of at most seven available complex-valued 
observations of the two types. Both types of observations are assumed to contain white 
noise as in the previous subsection. Since the basic mechanism of update is similar to 
that for the two point-vortex system, the main difference in the EKF estimation process 
is due to the more complex underlying dynamics of the present system. 

3.2.1. No stochastic forcing 
Since the motion of the four point vortices exhibits deterministic chaos, the perfor- 

mance of the EKF in this case depends sensitively on how accurately z~ represents Ztv 
at each update. Small differences between z~, and Ztv may result in totally different 
trajectories even after a short time. 
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Fig. 9. The performance of the EKF for four point vortices without stochastic forcing, when observing their 
positions every 0.5 time units. Same panel conventions as in Fig. 2. 

When the system is updated frequently using observations of all four vortex posi- 
tions, the EKF performs well, as shown in Fig. 9 where the system is updated every 0.5 
time units. The difference between the true and estimated state may grow rapidly during 
each forecast interval. The update time interval is chosen therefore to permit tracking the 
deterministically chaotic vortex trajectories, i.e. it corresponds roughly to the characteris- 
tic time of significant trajectory changes (see also Miller et al., 1994). 

Because the system is updated quite frequently and the P-components decay at every 
update, the estimated positions evolve mainly due to vortex interaction after the initial 
adjustment interval. Recall that adding velocity observations did not have a significant 
impact on the overall EKF performance for two point vortices in the absence of 
stochastic forcing. However, due to the sensitive dependence on the initial data for the 
present system of four point vortices, adding an inaccurate velocity observation may 
result in the actual failure of the EKF, as shown in Fig. 10 where u] is added to the four 
vortex-position observations. 

Observing fewer vortex positions may also result in divergence of the estimate from 
the true state. Since the unobserved vortices are affected significantly less by the 
updates, the whole system may follow a totally different trajectory due to its sensitivity. 
In this case adding Eulerian velocity observations can help improve the performance of 
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the EKF because the update using station velocity has some impact on all the vortices 
(not shown). The performance of the EKF seems to improve as the number of stations 
increases, as long as not all vortex positions are observed. Still, adding a few velocity 
observations does not seem to achieve the same EKF accuracy as when observing all 
four vortex positions even though the magnitude of the error covariance relative to the 
corresponding autocovariance is similar for the two types of measurements. 

On the whole, absence of random model errors is both unrealistic and detrimental to 
filter performance. The filter's sensitivity to the number, nature, and accuracy of 
observations is increased by the chaotic nature of the motion. 

3.2.2. With stochastic forc ing  

In the presence of random model errors, the components of P grow much faster and 
hence each observation has more impact in estimating the vortex positions. When all 
four vortices are observed, the EKF updates their positions close to the observed values. 
Even when the interval between updates is longer (2.5 time units, not shown), the update 
brings all vortex positions close to the observations. Note that the dynamics of Zfv and 
Ztv during each forecast interval may still be rather different. 

When three out of four vortex positions are observed, the EKF performs reasonably 
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well (not shown). However, observing two vortex positions only seems to result in 
failure as shown in Fig. l l, where the system is updated every 0.5 time units. The 
observed vortices recover their observed positions at update time, while the unobserved 
vortices continue to drift away from their true positions. Adding more velocity observa- 
tions does not necessarily help EKF performance, due to the nonlinearity of the 
observation function I-I s in Eq. (9c) (see next section). 

In Part II we examine the efficacy of updates using nonlinear, Eulerian observations 
in greater detail. We skip here many additional experiments with point-vortex systems 
and proceed instead with a simple analysis that will help us summarize their conclu- 
sions. 

4. Analysis 

4.1. Obserz,,ation ~ p e s  

In this section, we analyze the update mechanism when using various types of  
observations common to the system under consideration. This analysis gives geometrical 
insight into the updating process, based on the Lagrangian representation of  the system's 
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dynamics. It also points out the potential problems in tracking the vortices in the light of 
the nature of the observations. 

Observations in general can be classified first into Lagrangian and Eulerian: the 
observation function h v for vortex position is Lagrangian and the observation function 
h s for velocity at a station is Eulerian. Some observations arc functions of only one state 
variable and others depend on more than one state variables: each h v is a function of a 
single vortex only, while any hs depends on the positions of all the vortices. Further- 
more, each h v is a linear function of one state variable, while any h~ is a nonlinear 
function of all state variables. Finally the observations may or may not be represented by 
analytic functions of state variables when state variables are in complex form: both h v 
and h~ are analytic functions; not any scalar observation, however, is an analytic 
function of the state. 

Motivated by the fact that both state variables and observations used in this study can 
be expressed as complex analytic functions, we develop a simple update formalism valid 
for both Lagrangian and Eulerian data, and for linear as well as nonlinear observation 
functions. The formalism can also be carried out for nonanalytic observation functions, 
although the simple geometric interpretation is lost in that case. Use of complex analytic 
observation functions is consistent with this study because the Laplacian relation 
between stream function and vorticity is equivalent to a Cauchy-Riemann relation for 
the velocity components, while incompressibility of the flow gives another such 
Cauchy-Riemann relation (e.g. Ghil and Balgovind, 1979). 

Since the Laplacian is a linear operator, some observation functions can be written as 
a superposition of functions each of which depends on one vortex only. We define a 
'single-state-variable function' (SSVF) as a function which depends on only one of the 
state variables, such as the observation function for a vortex position. Functions that 
depend on more than one state variable will be called 'multi-state-variable functions' 
(MSVFs). There are two classes of MSVF, depending on whether or not they can be 
written as a superposition of SSVFs. The velocity observation function at a station is an 
example of MSVF which is a superposition of SSVFs. Although it has not been used in 
the numerical study of the preceding section, the pressure measured at a station is an 
MSVF observation which is not a superposition of SSVFs. In this paper we mainly deal 
with observations represented by analytic SSVFs or MSVFs that are superpositions of 
analytic SSVFs (simply SSVF and MSVF hereafter, unless otherwise noted). 

We analyze first the update mechanism using SSVF observations only in Section 4.2. 
The geometric representations show the update using observations which are a linear 
function of state variables to be superior to the update using nonlinear observations: they 
also highlight the two possible problems noted in Section 3. We analyze next the 
updates using MSVF data in Section 4.3; this shows how observational data interact 
during the update. 

4.2. Updates using single-state-variable functions ( SSVFs ) 

In this subsection, we examine the update mechanism using an observation function 
h k which is a complex analytic SSVF of zv,t of the form 

h k = h ~ ( z v , , -  z~.k). (i  1) 



322 K. lde. M. Ghil / Dynamics of  Atmospheres and Oceans 27 (1997) 301-332  

This form can describe not only Eulerian data regarding vortex l measured at z~.k but 
also Lagrangian data by setting z~.k = 0. 

For simplicity, we assume that block elements of Pf have the form, 

f 
Pfmn = ~ m n P n | 2  " ( 1 2 )  

During actual estimation using the EKF, p t  takes a more complicated form, but this one 
is chosen to highlight the underlying update mechanism. It is equivalent to assuming that 
updates using h k are restricted to affect zvj only and do not influence other state 
variables. Updates using more than one observation of this type are equivalent to 
repeated updates using one observation at a time. This is a particular instance of 
sequential processing of observations (Gelb, 1974, Ghil and Malanotte-Rizzoli, 1991). 
Furthermore, we assume r k in Eq. (10) to be constant in the present analysis; more 
generally, r~ can also be a function of the observation magnitude. The analysis can be 
carried out for such r k and the main results for the update mechanism remain the same. 

Making use of  analyticity (Appendix A), 

Pn~n ~- 6mn P ~ , I 2 '  ( 1 3 a )  {r, 
f 2 PI, if m = l ,  

p~ = Pldkl + r k 

p~, if m ¢ l ,  

~" = ' f  + A z , /  (13b) Z,'~ ,l ""v ,I , , 

P)I t b o / Ohk 
AZ,.., p ~ + r t / d 2 , ,  , - h , ) / 3 ~ .  , .  

Eq. (13a) for P" indicates that the update is performed so as to minimize the expected 
estimation error based on the 'first guess'  hk(z~. ~ -z~.~), with error variance given as 

f 2 o ptdkt, and on the actual observation b k, with error variance r k. 
To give a physical and geometric interpretation of A z,.j we first define ,o *'v,kl 

implicitly by 

b~ = hk( z::,k, - G.k).  (14) 

By this definition, ,.,,,kt'° = z~,k - h i  Lth"~,~k, is the 'observed'  position of vortex 1 obtained 
from the observation b~' assuming that the observation contains no error. In all the cases 
considered here the function h k can be inverted explicitly, using algebraic manipulations 
and background knowledge about the vortices' positions; the following applies when- 
ever h i  1 does exist. More generally, if there exists more than one root for Zv°k~, we 

-f Substituting Eq. (14) into Eq. (13b), the EKF choose the one which is closest to :.,.~ 
~ and ~o with as pivot point: update places ,~v.t "" between and ,,~,t ~.v.k~, z~.k 

' I}/ Ptdkt 3hk 
f . . . . . . .  . Ptdkt + rk OZv.t 

This is consistent with Eq. (13a) and can be thought of  as Newton's  method for the 
solution of Eq. (14). 
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Fig. 12. Geometric representation of the update mechanism when using a vortex-position observation (7  = 1 in 
Eq. (16)). 

Motivated by the form of the observation functions used in the numerical study, let us 
take 

hk( Z° , t -  Z~.k) = a,( z°.~t - z~,k) r. (16) 

where a l is a complex constant and 7 is an integer. For example, 7 = 1 corresponds to 
the observation function for the position of vortex l with respect to station k and 
7 = - 1 corresponds to the velocity at station k induced by vortex 1. 

For 3~ = 1, Eq. (13b) becomes 

. . . ~ 2  ( Z ° , k ' - -  Zfv,l) ' ( 1 7 )  Azv't p~ + rk/akt  

f with o based on with d2t = 1 from Eq. (A2). This is equivalent to updating Zv.t Zv.kt, 
f is updated to a as shown in Fig. 12. error variances p~ and rk/d2/,  respectively; zv,t z~,t 

For 7 = - 1, 

f 
P~ (zO,k _ z f  ) Z~.,--Zs.k (18) 

A Zv.t = p~ + rk/d2kt Zv .kl - -  Zs,k 

Fig. 13(a)-(c) show the geometric interpretation A Zv, t is obtained through magnifying 
o f - -  f o (Zv, kt - Zvj) by the factor Agt = ~(Zv,l - zs ,k ) / (Zv ,~ t -  Zs k)l, applying the statistical 

f f 2 defined by ( Zv.kt -- Z~,k -- Zv.I) weight P t / ( P t  + rk/dkt) ,  and rotating by the angle ~b ' o f 
(Fig. 13(a)). The term (Zfv, l - -Zs ,k ) / (Z°k t - -Zs ,  k) represents the nonlinearity of  the 
observation and provides the magnification and rotation. When the first guess z f is v,l 
moderately far away from the location Zs, k of the station, while both dynamical and 
observational errors are of  comparable size and not too large, then Zfv.i and Z°v.kt are 
expected to be closer to each other than to Zs, k. Hence the angle th is expected to be 
small and Akz ~ ~'(1). As a result, the analyzed position Zv~j is expected to be in the 

f and o (Fig. 13(b)). neighborhood of z~.l Zv.kt 
There are two cases in which the update may fail to improve the estimated position of 

a vortex for 7 = - 1 .  First, when Zfv.t and Z°kl are both close to z~.k--i.e, within 

distance ~ and ~ k / d 2 t ,  respect ive ly-- the  EKF update may deteriorate the estimate 
due to the following reason. Since the function h k is singular at Z~.k, cf. Eq. (16), the 
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Zs,k 

Zv,kl ° 
(b) ~ Z v , l f  

Zs'k ~ Zv'la 

(c) 

- -  ~ Zv,i a Zv,kl ° ~ 

Fig. 13. Geometric representation of the update mechanism when using station velocity observations 
( ~ ,  = - 1 ) .  See text for explanation of panels (a). (b), and (c). 

'observed '  vortex position ~'' is expected to be located close to the true vortex <\,.kl 
position. Hence the update is optimal when the nonlinear effect is weak, i.e. when 

Z-'v ,l z"s,k 
1. 

Z ° 
.v,kl - -  Zs,k 

The update fails when the nonlinear contribution is significant. For y = - 1, this occurs 
when the 'observed' vortex is too close to the station and ~b is larger than 7r/2 (Fig. 
13(c)). Once the EKF loses track of  a vortex through this mechanism, the recapture of  
the vortex after it moves  away from the station is unlikely because of  the nonlinearity. 
Numerical experiments with the full model (not shown in Section 3, for the sake of  
brevity) confirm this analysis. 

The second case occurs when the true vortex Z'v./ is tar away from the station (see 
Fig. 2 of  Part II), or the station lies near a stagnation point (recall Fig. 5), and hence the 
magnitude of  hk(ztvj -z~ ,k)  is very small. In this case, even a small error in the 
observation b~ can easily result in Zv°kt lying on the opposite side of  z~,k and away 
from Ztv./(cf. Eqs. (14) and (16)), resulting in a poor estimate of  Azv,/. 



K. 1de, M. Ghil / Dynamics of  Atmospheres and Oceans 27 (1997) 301-332 

~ . ~  ~'kt° 

..; ~,Jf 

7--v,kl ° 

Fig. 14. Geometric representation of the update mechanism for 3, > 2. 
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In general, A zv, l has the following form 

Zv,kl -- Zs,k 3"-1 Z f 
A z v t =  P~+rk/d2t  T (Zv.k,--Z~.k) f - - ( v , t - - Z s . k )  " (19) 

' Z v , i  - -  Z s , k  

Fig. 14 demonstrates the update mechanism for 3,> 1 with 3,= 4. We define the 
'modified observed' position ~'°.k t of  vortex l as (o),  

Zv.kt- Zs,k (20) 
Z°,k I = Zs k "~ ( Z°,kl -- Zs,k) f 

' '  Zv,I - -  Zs, k 

With this definition, Eq. (19) becomes equivalent to the update of z fv,~ by ~'°.k t using 
variances p~ and rk /d~,  respectively. Similarly, for 3, < - 1 ,  the update is illustrated 
geometrically in Fig. 15. For both 3' > 1 and 3' < - 1, the quality of the update depends 
on how accurately ~°k I represents the true vortex position. 

Among the two failure mechanisms illustrated for 3' = - 1, the former one, i.e. when 
vortices are too close to the station, applies to both 3 '> 2 and 3 '< - 2 .  If Zfv, t is too 
close to the station Z~,k, then the nonlinearity leads to failure of the update, since ~v°.kt 
may no longer approximate well the position of vortex l. Any nonlinear observations, 

_ 7--v,kl ° 

7-'s,k ~ Zv'If 
,, ~ 

N O 
Zv,ka 

Fig. 15. Geometric representation of the update mechanism for 1, _< - 2. 
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y 4= 1, can thus be detrimental to the tracking when the vortices get too close to the 
stations at observation time. On the other hand, the latter mechanism, i.e. near-zero 
observation, can arise only for 3' < - 1. 

4.3. Updates using multi-state-variable functions (MSVFs) 

The analysis of MSVF updates is more complicated in general than that of SSVFs. In 
order to illustrate their essence, we use two complex state variables, Zv.l and zv.2, and 
two MSVFs. This is the simplest case in which the observations interact and one bad 
observation may affect negatively the whole update. For this simple system, p t  is 
assumed to have the same form as in the previous section and the h~s (k = 1, 2) are 
assumed to be MSVFs of both Zv, 1 and z~.2, 

2 

hk= Y'~hkt(Z,.,--Z~.k), k =  1,2. (21) 
/ = 1  

The corresponding matrix H is 

[Gh',, Gh'12 t 
t t  = tGh,21 Gh,z2], (22a) 

where 

Gh'~t= (~7 -<uS) h'k,' (22b) 

0hk 
h'k/= 

~Zv./ " 

Making use of  the analyticity of the functions involved, the gain matrix K and 
estimation-error covariance P" are obtained as in Appendix B. The analysis vector z~ is 
given by 

z~ = z{ + AZ,, (23a) 

Abl J 2 t Abj h'22 
f 2 f 2 r2)_~;__ 

Pldll(P2d22 + " 1 1  - -  Pld21( p2d(2 + r2) h'12 h'21 

Ab Ab e h'12 
1 2  ) "~21" f + Pld21 ( I 2  v v - -  pld21 + r I ~ -Pl'd~'(P2d22 + r2) h,z2 hql 

Zv.2]  O/ 

f 2 ri)_~_12 P2di 2 + r2 ) hI22 h'22 
P2d12( i 2 Abi  f 2 Abi  h'21 Pld21 + _P2d22(  f 2 

Ab 2 Ab 2 h'll 
i 2 f 2 _ _  _p~d(2(  f 2 rl)._~_21 h'12 +pldl l (p2d22 + r2) hP22 Pldl l  + - -  

(23b) 

where 

Ab~ = b; - hk(z~) (23c) 
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and the scaling factor ~ in Eq. (23b) is given in Appendix B. The first and third terms 
in Azv, l are the direct corrections to zv,l due to b~ and b~, respectively. The second and 
fourth terms are indirect corrections due to the correction in the position of the other 
vortices by b~ and b~, respectively, i.e. although Zv.l and Zv,2 are independent 
variables, their updates interact because h k depends on both. For example, the second 
term of Azv,~ is 

b ~ - h  I h'22 b ~ - h  I 0Zv,2 h2" 

h'12 h'21 h'12 0Zv,l 

By analogy with the definition of z°kt in the previous subsection, we define a new 
'observed' position z~jit of vortex j as follows 

/ zfv.j, if j ~ l, 

z~lt = ( 2 4 )  
[zs , , -h~t ' (b: -~=, , j ,  lhkj(Zs,k-Zfv,j)), if j = l ;  

o o _ _  2 o Zktll is the position of vortex l obtained from b k -Ej= thkj(Zs,k- Zkjlt) by assuming 
that the other vortex is at its forecast position and that the observation contains no error. 
This definition allows us to eliminate the influence of the other vortex from the 
observation and examine the update of vortex l only, so that A b~ in Eq. (23c) becomes 

f 
A b  k = h k (  Zs,k - -  ZZl[i)  - -  h k (  Zs,k - -  Zv, l  ) . 

For h k having the same form as in Eq. (16), AZv gives a geometric interpretation 
similar to that in the previous subsection. The interpretation of the first and third terms 
in Azv.t is therewith the same as in the previous subsection. The second and fourth 
terms are slightly more subtle. For example, the second term in Azv,1 has an extra 
rotation and magnification due to h'22/h'21 = {(Z~.k -- Zfv,E)/(Zs,k - Zfv,1)} T -  1. Note that if 
the update of one vortex is not sufficiently accurate, then the update of the other vortex 
is not likely to be very accurate either, due to interaction in the update process. 

The two potential problems discussed for SSVFs with T = - 1  also apply to the 
update using MSVFs, i.e. close approach of a vortex to a station when using velocity 
observations for T * 1 and near-zero-velocity observations for T < - 1. These problems 
in EKF tracking when using nonlinear Eulerian observations can be overcome by 
eliminating the 1-4 singularity in the Rankine-vortex method, on the one hand, and 
applying a cut-off threshold to near-zero observations for T < - 1, on the other (cf. Part 
II). 

5. Summary and discussion 

The extended Kalman filter (EKF) was used on point-vortex systems to investigate 
the performance of data assimilation for nonlinear flow dynamics representing coherent 
structures in a Lagrangian framework. Various types of observations were used, 
including Eulerian, Lagrangian, linear and nonlinear data. Numerical as well as analyti- 
cal results were obtained. 



328 K. Ide. M. Ghil/l)ynamics of Atmospheres and Oceans 27 (1997) 301-332 

In the numerical study, EKF performance was tested for both regular and chaotic 
systems, in the absence and presence of stochastic forcing. Successful tracking of the 
point vortices using the EKF depends on the balanced performance of the dynamical 
(forecast) and statistical (optimization) steps in the filtering process. When initial data 
are properly given and (Lagrangian) vortex observations are made frequently and 
accurately, tracking is excellent (Fig. 2). When observations are less plentiful or accurate 
(Fig. 3), absence of stochastic forcing tends to yield insufficient gain for the updates, 
whether the system is chaotic (cf. also Miller et al., 1994) or regular. This problem does 
not arise under the more realistic assumption that random model errors, representing 
subgrid-scale processes are present (Fig. 7). 

Numerical results show that observing all vortex positions in the system provides the 
best performance in general. When this is the case, other types of observations may 
improve marginally the performance of the EKF for a system whose underlying 
dynamics is regular and may actually deteriorate it for chaotic system (Fig. 10). The 
contribution of velocity observations depends on a number of factors. Their most useful 
aspect is that one velocity observation updates all the vortex positions in the flow, while 
a vortex-position observation only updates the corresponding vortex. Their most impor- 
tant drawback is that the impact of such and observation on the update behaves like 1-4, 
where 1 is the distance between the station in question and the updated point vortex; 
hence the effect is strongly singular for l<< 1 and very weak for l>> 1. For an 
insufficient number of vortex-position observations, there are situations where the 
contribution of velocity observations may be deleterious, due to their nonlinear character 
and to the interaction between observations. 

A simple analysis of the update mechanism exploited sequential processing of 
observations (Ghil and Malanotte-Rizzoli, 1991, Section 5.3.1) and the analytic nature of 
the observation functions in this idealized data assimilation problem. It illustrates the 
update process geometrically in terms of rotations and stretchings of vectors in polygons 
spanned by the vortex and station positions. The analysis indicates that linear, La- 
grangian observations of vortex positions are preferable, in general, to nonlinear, 
Eulerian velocity observations, and emphasizes the role of singularities of the observing 
function in loss of tracking when point vortices approach too closely a velocity-observ- 
ing station. As shown in Part II, however, nonlinear, Eulerian observations can be as 
informative and useful as linear, Lagrangian ones if the overall tracking system is 
judiciously designed. 

This singularity in the Eulerian observing function, and the ensuing toss of tracking, 
appear to be due to the artificial singularity of the velocity profile in a point vortex. To 
remove the latter, and hopefully the former singularity, we consider in Part II systems of 
Rankine vortices, with a finite-radius core in solid-body rotation and a potential flow 
exterior. 
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Appendix A. Derivation of SSVF results 

Because h k is an analytic function, the 2 × 2N elements of H in Eq. (14) are written 
in complex form as 

tO, if n~l,  (~( if n~l  

H l n =  t if n = l ,  ~Zv,~] =aldkl/~Zv,i ) ' if n = / ;  

(gl) 

here 

Oh k 2 

= i  77v,, I 
(A2) 

and G is an operator defined in Eqs. (22a) and (22b). The matrix operation with H 
involving G in Eqs. (5a), (5b) and (5c) is equivalent to complex variable manipulation 
while dropping G. The block element of the 2 N × 2 gain matrix K is then given by 

{~ (  P~ if n=/= l, 

K I " =  /bhk t if n = / .  (A3) 

Pl + rk/dkt 
Substitution of Eqs. (A1) and (A3) into Eq. (5a) results in Eqs. (13a) and (13b). For a 
station-velocity observation, 

d2, = F, 1 2 
2rr (zv., z,,k) 2 I Zv, , zs,d -4, (A4) 

hence the impact of the update behaves like I Zv.t - z~,k1-4. 

Appendix B. Derivation of MSVF results 

After some algebra using both G matrix operations and complex variable manipula- 
tion, the 4 × 4 gain matrix K becomes 

[ Gkll akl21 (B1) 
K = ~Gk21 Gk22 ] , 
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where 

f 2 f 2 f / 2  1 1 2  
k,1 = p , d l , (  p2d22 + r 2 p l a 2 1 P 2 a l 2 - -  

1 

f 2 k, 2 P 2 d l 2 (  f 2 f 1 2  f - 2  = P,d21 + r I P2a22P,a , i  
2 

1 (  1 2  l 2 1 l 2 
k2' =--c~ P ' d 2 ' ( P 2 d ' 2  + r2) h'2, - P " d ( ' P 2 d 2 2  

f ~ 2  t f ~ 2  I ~ 2  1 " / 2  
k22 = P2a221. Pla l l  + r I - p 2 a , 2 p ~ a 2 ~ - -  

- t in Eqs. (13a) and (13b), p~ is defined in Eq. (11), r k 
and (22b), and 

h' 2 
h'21 h'12 

h'2, 
h, 2h~ 2 " 

(B2) 
hr| 2 

t hi1 h'22 
h'l I 

h'12 h'2 , 

dkt in Eq. (A2), h'~t in Eqs. (22a) 

pld~ ' ' h' 12 
Ol = (plld~l + p~d~: + r I ) (  f 2 t 2 h21 _ _ f j ~  22 P]d21 + p2d22 + r2) -- _ _  + p 2 a ~ 2  

h'll 712  

(B3) 

Using K, we compute the analysis error covariance pa 

P~ = [I n - -  K H ] P  f (B4) 

where 

1 t 
u,  r i  = -d G( kh),2} (85) 

[ ( h 2h',, (kh)  ' l ]  , , f " r2 ) , 2  f f 2 f 2 

= p ld{ , (p2d~2  + P2d?2 h'2,hq 2 --  p ld21  - -  + p l d 2 1 ( p 2 d l 2  + r 2 )  
l ( kh )12]  

I" 2 f 2 h'12h21 • 2 f 2 h 2 l h t l 2  
P2 a2z Pl all hq2 h~2 _ P l d l l P 2 d 2 2  h, l lh22P~d12(pld21 q_ r l ) _  1 - 2  f--2 

p , d , ,  + r , ) - p 2 d ~ 2 P , d 2 ,  h, 2h,2------~l ) . 
+p~d~2 , 2  1 ~  , 2  h',~h',, (86 )  

The form of K t t  shows the interaction between observations and state variables. 
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