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Statistical Weather Forecasting (Wilks, Chapter 6)

A. Without NWP

Linear regression

v, :predictand at time ¢, i =1,...n

X s X ,x, . K predictors k=1,..K at time ¢,

S S
Linear regression forecast
y,=b+bx, +..+b.x, V., =y +E

at time t; observed = forecast + error

Simple linear regression: one predictor (K=1)

Y, =btbx, &=y,-y=y,-b-hx

Choose by, b;, to minimize Y &’ = f(b,,b): least-squares regression

i=1
ai(yi —b, - blxi)2

=l =—2n —b —bx.|=0
abo ;(yl 0 1 1)
Now, Zyi =ny so that  ny—nb —nbx =0
i=1
or
bo =y- blf 1.e., the regression line goes through the means

Now, replacing bo

igiz :i(yi_bo_blxi)z :i(yi_y_bl('xi_f))z - (yi'_bl'xi')z
i=1

i=1 i=1 i=1
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So that for the second coefficient b,

azn:(y; - blxi ')2
i=1

=-2 '—bx')x'=0
abl lg‘(y’ 1 ) i
From here
n n - xiyl
in'yi': blzxi'xi|0r nxvyv: blnva , i.e., b] — 7
i=1 i=1 X

Exercise: From y, = b, + b,x, + € and the formulas for b, b, show that

x'e'=0, i.e., that the forecast error must be uncorrelated to the predictors.

Note that b; can be written as

(] 12
h =2 _ 5
I e —_p
12 02 12 S
Xy X x

<

n 12
where pis the sample x-y correlation, and s = D 2
i=1 11—

is the sample estimate

of the variance.

It 1s convenient to consider sums of squares: We can divide the “sum of
squares” = “n*variance” of y in the following way:

SST = SSR + SSE
Total y- Regression  Forecast error
variance variance (residual) variance

SST = iyi'z =ny"

i=1
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i=1 i=1 i=1 i=1 X
— _2 — —
n )C'y' xlyl lyl —_— xlsz
2 2 2 2
= »,"=2==x"y+—x" |=ny" - 2==nx'y'+ —nx" =
- 12 2 ' 2
i=1 X xl X x!

So, since SST = n)7 is the total variance of y (with n-1 degrees of freedom)

SSE =ny" (1 - pz) is the residual (error) variance of y
Therefore , since SST=SSR+SSE

SSR =ny"”p’is the “explained variance” of the regression forecast: the square

of the correlation gives the percentage of “explained variance” in the
dependent sample used to derive the regression coefficients.

In the case of multiple regression, this is also true, allowing the definition of
a “coefficient of determination” R* (a generalized squared correlation):

SST = n)7 has n-1 degrees of freedom (one was used fory ). Hence iTl 1S

the variance of y

SSE = ny" (1 - Rz) is the residual error variance, which defines R’

SSR = nFR2 has K degrees of freedom, K is the number of predictors

SSE has n-1-K degrees of freedom. Therefore the dependent sample estimate

of the forecast error variance iss’ = ;ze? = ;SSE.
¢ p-1-K<7 T n-1-K
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Now, after we finished the “training” of the simple linear regression (finding
by , by) for the dependent data set, we have a new independent predictor x,
When we apply the formula we derived for the dependent sample to this
independent new predictor, then the forecast error variance estimate is larger
because the training data has sampling errors:

\2
I . . X, —X
Here the term — is due to sampling errors of the mean, and u due

" i(xi - )?)2
i=1
to sampling errors of the slope.

If instead of simple regression we have multiple regression with K
predictors, the error for a new independent predictor also increases
compared to the dependent sample estimate:

c 2
28| 0 (x-x)

1+—

K n—K-1 n i(Xi_)?)Z

2 _

So, if the new predictor is far from the mean, the expected error of the
forecast is large! The prediction error with independent data is increased
compared with the dependent (training) sample for two reasons: 1) the
number of degrees of freedom is reduced by using K predictors, and 2) the
dependent sampling errors are built into the prediction equation (and don’t
apply to an independent sample).



