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Dear	  Editors,	  

Please	  find	  enclosed	  a	  manuscript	  entitled:	  "The	  Hybrid	  Local	  Ensemble	  Kalman	  Filter"	  which	  I	  am	  
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Abstract 48 

Hybrid data assimilation methods combine elements of ensemble Kalman filters (EnKF) 49 

and variational methods. While most approaches have focused on augmenting an 50 

operational variational system with dynamic error covariance information from an EnKF, 51 

we take the opposite perspective of augmenting an operational EnKF with information 52 

from a simple 3D-Variational (3D-Var) method. We wish to determine which aspects of 53 

the variational methods are necessary for successful application of a hybrid method. To 54 

this end we have developed the Hybrid Local Ensemble Transform Kalman Filter 55 

(Hybrid-LETKF), which improves analysis errors when using small ensemble sizes and 56 

low observation coverage versus either LETKF or 3D-Var used alone. The results imply 57 

that for small ensemble sizes, allowing a solution to be found outside of the space 58 

spanned by ensemble members provides robustness in the hybrid method compared to 59 

LETKF alone. Finally, the simplicity of the Hybrid-LETKF design implies that this 60 

method can be applied operationally while requiring almost no modification to an 61 

existing operational 3D-Var system.  62 
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1.    Introduction  63 

Hybrid data assimilation systems combine two approaches traditionally used in 64 

operational weather forecasting: ensemble Kalman filters (EnKF) and variational 65 

methods such as 3D-Var and 4D-Var. For example, a hybrid system based on the 66 

developmental work of Barker (1998), Hamill and Snyder (2000), Lorenc (2003), 67 

Buehner (2005, 2010a,b), and Wang et al. (2007a, 2007b, 2008a, 2008b, 2010), has 68 

recently been implemented at the National Centers for Environmental Prediction (NCEP) 69 

for use in operational forecasting (Kleist, 2012), and another at the Met Office (Clayton 70 

et al., 2012). Most of the justification given for the improved performance of the 71 

traditional hybrids over the variational methods has been that the background error 72 

covariance is better defined with an ensemble, either due to flow dependence or to the 73 

better defined multivariate covariance information. While such hybrid approaches have 74 

been shown to improve upon the existing operational variational systems, it is unclear 75 

which aspects of the variational systems benefit the EnKF.  76 

We examine the impacts that a simple 3D-Var has on an EnKF in order to 77 

determine the source of these benefits. In an operational environment, the choices of 78 

ensemble size and observation coverage are limited by costs of computational facilities 79 

and observing equipment. Thus, it is important to identify the preferred algorithmic 80 

approach when these parameters are prescribed. We introduce a new hybrid using an 81 

EnKF combined with a simple 3D-Var and demonstrate its effectiveness from this 82 

perspective. Traditional hybrids start with a variational approach and incorporate the 83 

ensemble information through the ensemble-derived covariance matrix. Here we instead 84 
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start with an EnKF and use a variational approach to apply a correction to the EnKF 85 

within the model space. 86 

2.    Methodology 87 

a) Model 88 

For the forecast model, we use the Lorenz-96 model on m = 40 grid points (Lorenz, 89 

1996), 90 

dx
dt
= x j+1 ! x j!2( ) x j!1 ! x j +F , (1) 91 

with F=20 (as used by Wilks 2005, 2006a; and Messner, 2009) and Δt = 0.01, for j=1..m. 92 

Because Orrell (2003) states that this model’s internal doubling time varies strongly with 93 

forcing, we note that our results were similar using F=8 with a forecast time step Δt = 94 

0.05 (as originally used by Lorenz). Lorenz (2005) discusses further implications of 95 

varying F. In this model, the first term represents ‘advection’ constructed to conserve 96 

kinetic energy, the second is damping, and the third is forcing. The boundaries are cyclic, 97 

such that xm+1 = x1, and x0 = xm. The ‘truth’ or ‘nature’ run is performed with Runge-98 

Kutta order 4-5, while forecast runs are performed with Runge-Kutta order 2-3. 99 

b) Data Assimilation Methods 100 

We solve the data assimilation problem by minimizing the traditional cost functional 101 

(Kalnay, 2003), 102 

J x( ) = (x ! xb )T B!1(x ! xb )+ (yo !Hx)T R!1(yo !Hx) . (2) 103 

We minimize J over potential model states x, where xb is the background estimate, yo is 104 

the observation vector, and H is an operator transforming x from the model space of 105 
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dimension m to the observation space of dimension l. The matrices B and R are the 106 

background and observation error covariance matrices, respectively. 107 

For 3D-Var we use the preconditioned conjugate gradient (PCG) minimization 108 

algorithm. In PCG, a preconditioner matrix M is used to solve M-1Ax = M-1b. The matrix 109 

B is used as the preconditioner where, 110 

A = I +BHTR!1H , and (3) 111 

b = xb +BHTR!1yo  (4) 112 

The B matrix is constructed using an exponential decay function with maximum radius r, 113 

Bi, j =! b
2e!|i! j| , for row i, column j, and |i-j| ≤ r. (5) 114 

We implement the Local Ensemble Transform Kalman Filter of Hunt et al (2007), 115 

inspired by Bishop et al. (2001) and Ott et al. (2004), as our EnKF method. The analysis 116 

ensemble generated by LETKF identifies directions of strongest error growth within the 117 

ensemble subspace (as with bred vectors (Toth and Kalnay, 1997)). In LETKF, an 118 

analysis is computed for each grid point based on local observations. Each analysis is 119 

formed within the linear space spanned by the ensemble members. 120 

We implement two hybrid algorithms using LETKF as a basis. First, a hybrid 121 

inspired by traditional methods computes a linear combination of B and the ensemble 122 

background error covariance matrix Pb for use in a local 3D-Var step. A similar approach 123 

was shown by Wang et al. (2007b) to be equivalent to the control-variable method of 124 

Lorenc (2003) and Buehner (2010a,b). We refer to this method as the Hybrid/Covariance-125 

LETKF. 126 

The second algorithm we refer to as the Hybrid/Mean-LETKF, and is first 127 

described in words: The standard LETKF is used first. The analysis mean from LETKF is 128 
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then used as the ‘background’ for 3D-Var, which is performed locally in model space 129 

after each grid point is analyzed. A weighted average of the two analysis solutions is 130 

computed, and the LETKF analysis ensemble is re-centered at the new solution. Kalnay 131 

and Toth (1994) performed a similar procedure using a single bred vector and 3D-Var. 132 

The Hybrid/Mean-LETKF algorithm is detailed as follows: We calculate the 133 

LETKF analysis following Hunt et al (2007), first computing the analysis error 134 

covariance in ensemble space, 135 

!Pa = (k !1)I / ! + Y b( )
T
R!1Y b"

#$
%
&'
!1

, (6) 136 

where Yb = H(Xb), the columns of Xb are ensemble perturbations from the mean state, 137 

and ρ is the local inflation parameter. The symmetric square root of this matrix is 138 

computed to determine the weights for the analysis ensemble, 139 

Wa = (k !1) !Pa"# $%
1/2

. (7) 140 

To transform from ensemble space back to model space we multiply these weights with 141 

each of the background ensemble members, 142 

Xa = XbW a . (8) 143 

Finally, the analysis mean is computed as, 144 

wa = !Pa Y b( )
T
R!1Y yo ! y b( ) , (9) 145 

x a = Xbwa + x b . (10) 146 

At this point, the LETKF algorithm is complete.  147 

Next we re-localize in model space. Greybush et al. (2011) discuss the impacts of 148 

localization in observation and model spaces. We define the local model dimension, mloc 149 

= 2r+1, and select the appropriate rows and columns of the full B matrix.  150 
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For the Hybrid/Covariance-LETKF, a linear combination is formed with the static 151 

B matrix and the ensemble-generated Pb in the local model space with dimension mloc 152 

and the analysis solution replaces the LETKF ensemble mean, 153 

J xa( ) = (xa ! x b )T (!Bloc + (1!!)Plocb )!1(xa ! x b )+ (yo !Hxa )T Rloc!1 (yo !Hxa ) . (11) 154 

For the Hybrid/Mean-LETKF we minimize the cost function, 155 

J xa( ) = (xa ! x a )T B̂!1(xa ! x a )+ (yo !Hxa )T R̂!1(yo !Hxa )
. (12) 

156 

Here we use B̂ = Bloc and R̂ = Rloc, but other choices are possible. We then 157 

update the analysis mean as a weighted combination of the 3D-Var and LETKF solutions 158 

and re-center the analysis to this mean, 159 

xHybrid
a =!xa + 1!!( ) x a , (13) 160 

XHybrid
a = Xa + xHybrid

a vT
, (14) 

161 

where v = (1 1 … 1 1)T is a column of k ones used to add the mean to each column of Xa, 162 

resulting in the final analysis ensemble having the hybrid-derived analysis as its mean. 163 

Finally, we update the single grid point at the center of the local region with the hybrid 164 

solution. 165 

3.    Experiment Design 166 

We first examine special case scenarios using limited observations and a small ensemble 167 

size: l=4 observations per time step and ensemble size k=5. We show the nature run, and 168 

compare free run forecast error and data assimilation analysis error for LETKF, 3D-Var 169 

and the Hybrid/Mean-LETKF. We then generalize the results across the full range of 170 

ensemble sizes (2-40) and observation coverage (1-40) for each method. 171 
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Observations are generated randomly in space from a uniform distribution on the 172 

interval [0,40] with errors from a normal distribution using a prescribed variance of σr
2 = 173 

0.5. We assume these observation statistics are known. A linear interpolation scheme is 174 

used to construct the observation operator H. The B matrix used for all methods is 175 

constructed as a double exponential distribution function with maximum σb
2=1.0 176 

centered on the diagonals with a local radius of r=5 grid points. The Lorenz-96 model is 177 

spun-up over 14,400 time steps (as per Lorenz (1996)) to ensure convergence to the 178 

attractor. An additional 600 time steps are run with a forecast time step of Δt=0.01 to 179 

form a nature run. The experiment initial conditions are sampled from a Gaussian 180 

distribution, N(xt, 0.1), with mean equal to the truth and standard deviation equal to 0.1. 181 

For LETKF, we use a constant multiplicative background covariance inflation of ρ = 1.1 182 

(10%).  183 

4.    Results 184 

We show in Figure 1 that the standard LETKF algorithm performs well with a large 185 

ensemble size (e.g. k=20), but fails due to filter divergence when using smaller ensembles 186 

(e.g. k=5). This filter divergence is typical in this experiment setup for k ≤ 5 and is 187 

dependent on the observation locations and forecast time step Δt. We see that for a large 188 

ensemble size (e.g. 20 given a full-rank of 40), the standard LETKF algorithm is quite 189 

accurate. However, as the ensemble size decreases, the analysis solution degrades until 190 

the filter eventually diverges from the nature run. When implementing the Hybrid/Mean-191 

LETKF, using k=5 ensemble members, the filter recovers stability and has comparable 192 

accuracy to the standard LETKF with k=20. 193 
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 The energy for this system, s2 as defined by Lorenz (2005; 2006), is simply the 194 

mean square of the system state across all grid points. For longer time periods, the total 195 

energy oscillates chaotically in a range from 40 to 90 and is tracked well by the standard 196 

LETKF analysis for ensemble sizes k > 5. In the standard LETKF (k=5), s2 blows up 197 

toward 105 while the Hybrid/Mean-LETKF using the same k=5 members tracks closely 198 

with the standard LETKF (k=20) (see Figure 2). 199 

We next examine the impact of varying observation coverage and ensemble size 200 

for the standard LETKF in Figure 2, for which k = 1 represents the pure 3D-Var results. 201 

This figure contains results from 40x40=1600 of the previously described special case 202 

scenarios. We define three regimes within the parameter space: (1) the ensemble/hybrid 203 

method outperforms 3D-Var, (2) the ensemble/hybrid method fails, (3) 3D-Var 204 

outperforms the ensemble/hybrid method. Our goal is to maximize the parameter space of 205 

regime 1 while minimizing analysis error. 206 

Trevisan and Palatella (2011) showed that the number of positive and null 207 

Lyapunov exponents for the Lorenz-96 system is a monotonic function of model 208 

dimension. Based on their experiments with an Extended Kalman Filter they 209 

hypothesized that in an ensemble approach, when observations are sufficiently dense and 210 

accurate so that error dynamics are approximately linear, then the necessary and 211 

sufficient number of ensemble members is equal to the total number of positive and null 212 

Lyapunov exponents. Our experiments indicate that a smaller set of ensemble members 213 

representing only the dominant positive Lyapunov exponents is necessary for the 214 

standard LETKF to track the nature run. This is due to localization and is in agreement 215 

with Ott et al (2004). Using a configuration matching Trevisan and Palatella, F=8, 216 
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Δt=0.05, l=20, and σr=0.01, we obtain that 9 ensemble members are required for our 217 

configuration of LETKF compared to their hypothesized 14 for a general EnKF. 218 

Our configuration of the localized Lorenz-96 system with F=20 and Δt=0.01 has 5 219 

such dominant Lyapunov exponents in a well-observed system. LETKF shows superior 220 

accuracy for ensemble sizes k > 5 and observation coverage l > 5 compared to 3D-Var. 221 

However, for small ensemble sizes there is a barrier below which LETKF fails and thus is 222 

always outperformed by 3D-Var. This ensemble size barrier increases as the observation 223 

coverage decreases for l ≤ 5. At l=1, both 3D-Var and LETKF fail. 224 

As shown in Figure 4, with a sufficient number of observations the 225 

Hybrid/Covariance-LETKF is successful at stabilizing the filter for small ensembles, but 226 

increases errors for larger ensembles and destabilizes the filter for low observation 227 

coverage. With lower values of α, (e.g. α = 0.2), the mean absolute analysis errors in 228 

regime 1 are smaller, but the total area of regime 1 in the parameter space decreases. The 229 

converse is true for larger values of α (e.g. α = 0.8). For stability of the 3D-Var step, we 230 

use initial guess xb in PCG, but note that use of the analysis ensemble mean from LETKF 231 

improves accuracy for cases with a low observation coverage. 232 

The Hybrid/Mean-LETKF algorithm (Figure 5) using α = 0.5 retains much of the 233 

accuracy of the larger k=20 standard LETKF, while still using a small (k=5) ensemble 234 

size and few (l=4) observations. These results are found to hold even when driving the 235 

ensemble size down to k=3 members. If the number of observations decreases further 236 

(e.g. to l=3, with k=3) however, this hybrid undergoes the same filter divergence as the 237 

standard LETKF. For this hybrid method, as α decreases there is a gradual adjustment 238 

back to the standard LETKF results: the mean absolute analysis errors decrease 239 
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throughout regime 1 while the minimum observation count required for filter stability for 240 

2 < k < 5 steadily increases. We note that these results obtained with a localized 3D-Var 241 

remain the same when 3D-Var is instead applied globally after LETKF or ETKF is 242 

completed, with comparable accuracy (not shown). 243 

5.    Conclusions 244 

This research began with an investigation into the source of benefits arising from hybrid 245 

methods when variational techniques are added to an EnKF. We compared solutions from 246 

3D-Var with an EnKF, and showed the standard LETKF broke down when using small 247 

ensemble sizes. We then introduced two hybrid approaches. The first was the 248 

traditionally motivated Hybrid/Covariance-LETKF. The second was the Hybrid/Mean-249 

LETKF for which a simple 3D-Var is applied after completion of LETKF to adjust the 250 

ensemble mean in model space and add stability to the filter for small ensemble sizes. 251 

LETKF is highly accurate when applied to the Lorenz-96 system if allowed a 252 

sufficient number of ensemble members. The Hybrid/Mean-LETKF approach generated 253 

solutions that outperformed both 3D-Var and LETKF for observation coverage with 2 < l 254 

< 10 and ensemble size 1 < k < 5. From our results, we conclude that it is the computation 255 

of the analysis in local model space that stabilizes the Hybrid/Mean-LETKF at low 256 

ensemble sizes. Of interest is the local dimensionality of the unstable Lyapunov vectors 257 

relative to the size of the ensemble k and the local model dimension mloc. Based on the 258 

work of Trevisan and Palatella (2011), we suspect the minimum ensemble barrier for the 259 

standard LETKF is directly related to the local dimensionality of the error growth, though 260 

like Ott et al (2004) we found fewer ensemble members were required when using 261 

localization.  262 
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The hybrid methods enhance the filter by allowing solutions to be influenced by 263 

observations that cannot be reached in the linear span of ensemble perturbations. Both 264 

hybrid LETKF methods are well suited for applications using a small ensemble size due 265 

to computational limitations. However the Hybrid/Mean-LETKF has better accuracy 266 

overall and is better suited for applications that also have limited observation coverage, 267 

such as global ocean data assimilation (Penny, 2011; Penny et al., 2013) and coupled 268 

atmosphere/ocean data assimilation. As the standard LETKF is already being used or 269 

prepared for use in operational environments in Italy, Germany, Brazil, Argentina, Japan 270 

and the United States, the Hybrid/Mean-LETKF is a simple extension that could be 271 

adopted in an operational environment as well. 272 
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 354 

 355 

  356 

Figure 1. Nature run for Lorenz-96 over 600 time steps with dt=0.01 (top left). Free Run 357 
error (top center). The following analyses are performed with l=4 observations per time 358 
step: Analysis error for 3D-Var (top right), LETKF, k=20 (bottom left), LETKF, k=5 359 
(bottom center), and the Hybrid/Mean-LETKF, k=5 (bottom right). 360 

10 20 30 40

50

100

150

200

250

300

350

400

450

500

550

600
Truth / Nature

nodes

tim
es

te
ps

 

 

25

20

15

10

5

0

5

10

15

20

25

10 20 30 40

50

100

150

200

250

300

350

400

450

500

550

600
Free Run error vs. Nature/Truth

nodes

tim
es

te
ps

 

 

10

8

6

4

2

0

2

4

6

8

10

10 20 30 40

50

100

150

200

250

300

350

400

450

500

550

600
Analysis error from Nature/Truth data

nodes

tim
es

te
ps

 

 

10

8

6

4

2

0

2

4

6

8

10

10 20 30 40

50

100

150

200

250

300

350

400

450

500

550

600
Analysis error from Nature/Truth data

nodes

tim
es

te
ps

 

 

10

8

6

4

2

0

2

4

6

8

10

10 20 30 40

50

100

150

200

250

300

350

400

450

500

550

600
Analysis error from Nature/Truth data

nodes

tim
es

te
ps

 

 

10

8

6

4

2

0

2

4

6

8

10

10 20 30 40

50

100

150

200

250

300

350

400

450

500

550

600
Analysis error from Nature/Truth data

nodes

tim
es

te
ps

 

 

10

8

6

4

2

0

2

4

6

8

10



17 

 361 

Figure 2. The total energy s2 is plotted for 2000 time steps (100 days) for the ensemble 362 
mean state in an analyses using l=4 observations per time step. Standard LETKF (k=20) 363 
is shown in black and (k=6) in cyan. Four different cases of standard LETKF (k=5) are 364 
shown in red, each blowing up at a different time due to randomness in observation 365 
locations. The Hybrid/Mean-LETKF (k=5), shown in blue, recovers the stability and 366 
accuracy of the standard LETKF (k > 5). 367 
 368 

 369 

Figure 3. Mean absolute analysis error for the standard LETKF using ensemble sizes 370 
k=2..40, and observation coverage l=1..40 randomly chosen throughout the domain. 371 
Results at k=1 correspond to the standard 3D-Var. Empty squares indicate cases in which 372 
the Runge Kutta ODE solver could not reach the required tolerance. 373 
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 374 
Figure 4. Mean absolute analysis error for the Hybrid/Covariance-LETKF, α=0.2. When 375 
α=0.5, the accuracy in regime 1 (dark blue) decreases, but the total area of regime 1 376 
increases. As α goes to 1, all members converge to the pure 3D-Var solution (k=1). 377 

 378 

Figure 5. Mean absolute analysis error for the Hybrid/Mean-LETKF, α=0.5. As α goes to 379 
0, the peak of regime 2 (dark red) at (k=2) gradually increases, as does the accuracy in 380 
regime 1 (dark blue), until all members converge to the standard LETKF solution in 381 
Figure 3. As α goes to 1, all members converge to the pure 3D-Var solution (k=1). 382 
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